“CAPTIVATING...A TALE OF BURIED TREASURE... 
LUCIDLY PRESENTED.” —The New York Times 
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"This is a captivating volume. . . . The brilliant backdoor 
method used by Mr. Wiles as he reached his solution, along 
with the debt he owed to many other contemporary mathema- 
ticians, is graspable in Mr. Aczel's lucid prose. Equally impor- 
tant is the sense of awe that Mr. Aczel imparts for the hidden, 
mystical harmonies of numbers, and for that sense of awe 
alone, his slender volume is well worth the effort.” 


— The New York Times 


“For more than three centuries, Fermat's Last Theorem was the 
most famous unsolved problem in mathematics; here's the story 
of how it was solved. . . . An excellent short history of mathe- 
matics, viewed through the lens of one of its great problems— 
and achievements." 

—Kirkus Reviews 


"This exciting recreation of a landmark discovery reveals the 
great extent to which modern mathematics is a collaborative 
enterprise. . . . While avoiding technical details, Aczel maps 
the strange, beautiful byways of modern mathematical thought 
in ways the layperson can grasp." 


— Publishers Weekly 


"Briefly chronicles the history of the famous problem of the 
title, which was recently solved by a mathematician named 
Andrew Wiles after he had devoted seven years to the task. . . . 
Aczel does a superb job of creating in the nonmathematical 
reader the illusion of comprehension." 


—The New Yorker 
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To my father 


Preface 


In June 1993, my old friend Tom Schulte was visiting me in 
Boston from California. We were sitting at a sunny sidewalk 
café on Newbury Street, tall, icy drinks in front of us. Tom had 
just gotten divorced, and he was ruminative. He half turned 
toward me. "By the way," he said, “Fermat's Last Theorem has 
just been proved." This must be a new joke, | thought, as Tom's 
attention was back on the sidewalk. Twenty years earlier, Tom 
and | were roommates, both of us undergraduate students in 
mathematics at the University of California at Berkeley. 
Fermat's Last Theorem was something we often talked about. 
We also discussed functions, and sets, and number fields, and 
topology. None of the math students slept much at night, since 
our assignments were so difficult. Thats what distinguished us 
from students in most other areas. Sometimes we'd have math 
nightmares . . . trying to prove some theorem or another before 
it was due in the morning. But Fermat's Last Theorem? No one 
ever believed it would be proven in our lifetime. The theorem 
was so difficult, and so many people had tried to prove it for 
over three hundred years. We were well aware that entire 
branches of mathematics had been developed as the result of 
attempts to prove the theorem. But the attempts failed, one by 
one. Fermat's Last Theorem had come to symbolize the unat- 
tainable. | once even used the theorem's perceived impossibil- 
ity to my advantage. It was a few years later, also at Berkeley, 
when | had already graduated in math and was getting my 
Master's in operations research. An arrogant graduate student 


vii 


FRUMAT S LAST THICRIM 


10. таео» unaware at my own hacaground in mith, 
offered me his help when we me: at ihe Umernalionul House 
where we both lived. "lm m pure патас г he said. "It vou 
ever have е math риси yau cant soive. teel tree to ask me.’ 
1 le was ahouc to leave, when I said "Um. yes. There i$ some - 
thing yuu сап help me wah Г turned back, “Why. sure. 
let zne sec what ıt <." [ pulled oven a napkin—we were vt te 
din-ng mon. | slowly wrote un it: 


w+ y? = 2" has no whole number solazion when n is 
greater ihn à 


‘Tye beer uying Io prove rhis anc since lase night” | said, 
handing lum the napkin. | could see che blood raining lom 
his race. "Fermats Last Theorem.” be grund. “Yes.” | said, 
‘You're in pure mih Саша yea help meo | never saw tai 
wasan tram up clase адал. 

"Lam serious," [orti suid. йір his drink. “Andrew Wiles. 
He proved Fermars Last Theorem in Cambridge акс momh. 
Remember that name. Youll hear іс а lut^ That night. Tom was 
in the air, Nving buek to Сацута In Ihe nexe manths, E real- 
ized Tom didn't play а юке an me, and | followed che 
sequence of evene where Wiles was at hesi opplauded, ther 
the hole in his proof was raurd, thes he webdrew tor a усаг, 
and finally reemerged wich a corrected proot Bin Sulluwing 
che continuing sage, | learned that Топ way легер. h wasnt 
Anchew Wiless name 1 should have paid actencinn то, o» at 
lease not his alone. |, and the world, shuuld have recognized 
Зас the proof of Fennats Lost Theorer was far [rom the work 
мб pone machematicen. While Wiles gat much at the praise, 
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the accolades helang to athers as much: Ken Вст, Barry 
Mazur, Goro Shimura, Yutaka [aniyama, Gerhard trey, and 
vihen. Thar book tells the emire огу, including what hap- 
pened behind the scenes and out nt the view ot the medias 
cameras and Awudlights. It is albo a story of. Ueception. 
intrigue, and betrayal. 


"Perils could best dincribe тту experience n] daing surthematics i terms 
of entering а dark таргак. You do into the Arst room acd its dark, completely 
dark You slambic around. buratucj into 1h: [unii Gradiuilly, pon bane 
Tansee ra. pine ај Jurnilere г. Аг бену. afte zix эс or зо. youd find 
the late switch and turn it ои. Suddenly, irs ali i'ismusslcd and you в see 
exactly where you were. Te you mier Ihr лехі аге тот..." 

Thr n bars Proje iir Ardea Wiles described bis seoen-yesr quest for 
the matbematicians’ Holy Genf. 


XI 


Just befor dawn on lune 23, 1993, Professor Jahn Canway 
appmached the darkened mathematics biticing on che 
Princeton Lbaversity campus. He urllockecd the Gori door and 
quickly walked ор tà hs office. Tar weeks preceding his col- 
league Andrew Wiles deparcure tor England, persistence buc 
unspecific rumors had been circulating in the world’s inache- 
шацы сотиныпцу Conway was expecting атс ип ungir 
tant ta happen. Exactly what ic was, he lad na idea. Hc turned 
оп his computer and sac down to stare al the screen. AL 5:53 
AM, a bese c mail ningsage flashed ‘tam arrass che Aclantic: 
"Wiles Proves LE 


Cambridy:, Fuguand, Time 1944 
Late in lune at 1993, Prodessar Andrew Wiles hew co England. 
He was recurning ca Cambridge Universicy, where he nad been 
и graduate student twenty years earlier Wales miner docuiral 
thesis adviser ac Cambridge, Professar Jahn Coates. was orga- 
nizing a conference un hwasawa Jheom—ihe panicular ace 
witbun number hey in which Audicw Weles did bis diserta 
пал and ahoue which he knew a grear deal. Coas Һас asked 
his Former student if he would mind giving à short, one-hour 
taik at tbe eondurenoe on à dag nc Is chiicc. Ta his great r- 
prise and thar оѓ che ocher canterence organizers, the shy 
Wiles—previvusly reluiccant to speak in pubhe—responded by 
asking if he could be piven three hours ot nreseritation 

The 4f-ycar old. Wiles leaked. the typical mathematician 
when he arrived in Cambridge: white dress shirt with sleeves 
rolled up carelessiy, ihick born-racamed glosses. unruly strands 
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of thinning light hair. Born in Cambridge, his return was a very 
special kind of homecoming—it was the realization of a child- 
hood dream. In pursuit of this dream, Andrew Wiles had spent 
the last seven years of his life a virtual prisoner in his own attic. 
But he hoped that soon the sacrifice, the years of struggle and 
the long hours of solitude would end. Soon he might be able to 
spend more time with his wife and daughters, of whom he had 
seen so little for seven years. He had often failed to show up for 
lunch with his family, missed afternoon tea, barely made it to 
dinner. But now the accolades would be his alone. 

The Sir Isaac Newton Institute for Mathematical Sciences at 
Cambridge had only recently opened by the time Professor 
Wiles arrived to deliver his three hour-long lectures. The Insti- 
tute is spacious, set in scenic surroundings at some distance from 
the University of Cambridge. Wide areas outside the lecture 
halls are furnished with plush, comfortable chairs, designed to 
help facilitate the informal exchange of ideas among scholars 
and scientists, and to promote learning and knowledge. 

Although he knew most of the other mathematicians who 
came to the specialized conference from around the world, 
Wiles kept to himself. When colleagues became curious about 
the length of his scheduled presentation, Wiles would only say 
they should come to his lectures and find out for themselves. 
Such secretiveness was unusual, even for a mathematician. While 
they often work alone trying to prove theorems and are gener- 
ally not known to be the worlds most gregarious people, mathe- 
maticians usually share research results with each other. Mathe- 
matical results are freely circulated by their authors in the form 
of research preprints. These preprints bring their authors outside 
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camments thar help them improve che papers hetare chey are 
published. But Wiles didn't hand «xit preprints and didn't discuss 
his wors. The sile rı Wiles’ lalks was Modular Foris, Ерис 
Curves, and Caalois Represencations.” but che name gave по hint 
where the Jecrures would lead, and even exper in his held could 
nol guess. The rumors intensified as tune went on 

Cn che first day, Wiles rewarded che 20 ar sa marhemari- 
cians wha came to his leccure with a powerful and unexpecred 
mal Вегаса cesuli—und there were still Iwo mo lecties to 
ga. What was coming? [t hecame clear to everyone that Wiles 
lectures were the place to be, and che suspense prew as expe- 
tans machen bras locked so die lectures 

On che secand day, Wiles’ presentarian intensified. Hc had 
brought with him over 2U0 pages of formulas and uerivalions, 
anginal (иса stared as new thearems with their lengthy: 
alisiracl praals. The mum was nrw filled co capaciry [veryanc 
listened intently. Where would it lead? Wiles gave ro hint. He 
dispassiurtauely conuoued writing on the blackboard and when 
he was done tor the day he quickly disappeared 

The next day. Wednesday. [une 23, 15103. was bis last talk. 
As he neared the lecture hall. Wiles fours! 1 necessary 10 push 
his way in. People stood mueside blocking the encrance and the 
room was overflowing. Many carried cameras. As Wiles apain 
wrote seeringly endless forinulus amd theorems on the board, 
Ihe ensign increased. "There was ату ane posable climax, 
anly onc possible enc cn Wiles’ presentation,” Froressor Ken 
Ribet ot the Liniversicy of Culitorma at Berkeley later loll me. 
Wiles was l'inishing the last few lines at his proof af an enig- 
matic and complicated conjecture in mathematics. the 
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Shimura-Taniyama Conjecture. Then suddenly he added one 
final line, a restatement of a centuries-old equation, one which 
Ken Ribet had proved seven years earlier would be a conse- 
quence of the conjecture. "And this proves Fermat's Last Theo- 
rem," he said, almost offhandedly. "I chink I'll stop here." 

There was a moment of stunned silence in the room. Then 
the audience erupted in spontaneous applause. Cameras 
flashed as everyone stood up to congratulate a beaming Wiles. 
Within minutes, electronic mail flashed and faxes rolled out of 
machines around the world. The most celebrated mathemati- 
cal problem of all time appeared to have been solved. 

"What was so unexpected was that the next day we were 
deluged by the world press," recalled Professor John Coates, 
who organized the conference without having the slightest 
idea that it would become the launching ground for one of the 
greatest mathematical achievements. Headlines in the world's 
newspapers hailed the unexpected breakthrough. "At Last, 
Shout of ‘Eureka!’ In Age-Old Math Mystery" announced the 
front page of the New York Times on June 24, 1993. The Wasb- 
ington Post called Wiles in a major article "The Math Dragon- 
Slayer and news stories everywhere described the person 
who apparently solved the most persistent problem in all of 
mathematics, one that had defied resolution for over 350 
years. Overnight, the quiet and very private Andrew Wiles 
became a household name. 


Pierre de Fermat 


Pierre de Fermat was a seventeenth-century French jurist who 
was also an amateur mathematician. But while he was technically 
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ап amateur” since be had а Jay juh às u junst. che leading hisio- 
тап al mathetanhes Г. T. Bell, wang in the early part o the 
twentieth century, aptly called Fermat the "Prince of Amateurs.” 
Bell believed Fermat 1o have achieved more йарат mathe 
тайга! sales thay most "pentessional" machematicians at his 
day. Bell argued that Fermar was she most prolilic machematician 
of the seventeenth century, à century thas улуы the work of 
some or che greatest mathemarical brains ot a'l time | 

One of Fermats mest scanning acnevemenss was to develop 
pu: mano leas of ealeutus, whisk be Ф иссә years berare 
the birth or Sir Isaac Newran. Newton and his contemporary 
Cotttred Wilhelm von Leibmz are jointly credited irs the pop. 
vlan racha with having eonerived che mathemacical henry 
of morian. acccleratzon, torces. orbits, and athe: applied math- 
ettwlical concepts ot continuous change we cell calculus 

Кепш was бәете wath the inatiernatical works of 
ancient Gzeece. Possibly ne was led =p his conception of cai- 
culus ideas by the wurk ot the classical Greek mashemuativians 
Archimedes ond. Fudosus. who ved ie ihe Pont and Ipurzh 
centuries IWC, respecrively. Permat studied che works of che 
ancients—which were translated into Lotin in bs Доу: - ir 
every уукту moment Te had à lull time jab as an important 
jurist. hcc is hobby—his passinn—was to try гп generalize 
the work of che ancients and to find new bevuty in their long: 
lune) омат "TI haee find a great nmber at exceed: 
ingly beauritul cheorems.” he once said. These theorems he 
would jut down m tbe zavrpins of the trunslated cops of 
Annoy hooks he possessed 

l'ermat was che son or a leather merchant, Dominiyve Fer- 
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Arithmeticorum Lib. II. 


8; 


teruallo quadsarorum , & Canones idem hlc etiam locum habebunt , vt manife- 
QVASTIO УШ. 


Полей. 


DU quadratum 
diuidere in duos quadratos, 
Imperatum fit ve 16. diuidatur 
in duos quadratos. Ponatur 
primus 1 О. Oporte: igitur 16 
- 1 О. zquales effe quadrato. 
Fingo quadratum à numeris 
quotquot libucrit , cum defe- 
дч tot vnitatum quot conti- 
nec latus ipfius 16. efto à М. 
- 4. ipfe igitur quadratus erit 
4 О. + 16. - 16 №. hzc equa- 
buntur vnicatibus 16 - 1 Q, 
Communisadiiciatut vtrimquc 
defedus , & à fimilibus aute- 
rantut fimilia, fient ; С). едиз- 
les 16 №. & it: N. 7 Eritigi- 
tnr alter quadratorum 5. alter 
vero 7. & vtriufque fumma eft 
са 16. ёс vterque quadratus 
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Pierre de Fermat's "Last Theorem" as reproduced їл an edition of Diophantus 
Arithmetica published by Fermat's son Samuel. The original сору of 
Diophantus with Fermat's handwritten note has never been found. 
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mat. wha was Secord Censui in the iwn o* Beznmant de 
Lomaume. und ol Cizire de Loner, the daughter o: e tamily of 
paliimenmare ules Fhe yrange Teimas was loin ‘st August, 
160 ариг August 20 in leaumnnt-de-Lomagne!, and was 
cuised by Dre parents Io be a iagistate, He went io school in 
Таах and маи айса in ile same city as Cammissioncr 
or Recuests az the age at усу. | le married 10e Lang, his 
muther* cousin, that same year, 1631 Serre und Louise hud 
(Пече sois crab swe daughters Que ol uic SS, Cle ens 
Samuel, becas.e his fathers sci¢neitic executo” and published 
tas [a ers works after bis deuth. Ini fact. it is he book couluir- 
ing Termazs wears, published hy his soa, that has came down 
сп us and trom which we know his tamuus Last. l'heorem. 
Clemen, Samuel ch: Fest recognized the inpurlzruue ol the 
checrem scribbled in the argin and added it en the transla- 
cien al the ancient work he republisl ec. 

Ferris life is ohen dex ribeu as yer. stable, aud unevenl 
l de ehel his wrirk wt рне ane hanesuy aed in ^ 6418 was 
pramoced to the importance position et che King's Сага Шосе 
ship ir Uie local Pazliazzzerit of Toulouse. a tithe he МЕҢ far um 
enwen years cont his death i3 6663 Consiclesing the grezr wark 
Fermat did tor che Grown, a litetime vt Gevored, able. and con- 
ушет» service, muay hislerinns ere pursoled ho, че lad che 
"ime and che mental energy co do firse-rare mathemati cs—ard 
valumes at it. Ore Preach expert suggested thar Lermats official 
work was actually at asset 1o his саега) studies. sirnex: 
Fieri porlamenuiy ceinner'ras were Ср? to. minimize 
their unothel concacss in order co avoid the temptations of 
bribery ard vibe: conupuon. Since Fermo адашу rernred a 
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diversion from his hard work, and since he had to limit his social 
life, mathematics probably offered a much-needed break. And 
the ideas of calculus were far from Fermat's only achievement. 
Fermat brought us number theory. An important element in 
number theory is the concept of a prime number. 


Prime Numbers 

The numbers two and three are prime numbers. The number 
four is not prime because it is the product of two and two: 2 
x 2 = 4. The number five is prime. The number six is not 
prime since, like four, it is the product of two numbers: 
2х3 = 6. Seven is prime, eight is not (2 x 2 x 2-8), nine is not 
(3 x 3-9), and ten is not (2 x 5-10). But eleven again is a prime 
number since there are no integers (other than eleven itself 
and one), which can be multiplied together to give us 11. Апа 
we can continue this way: 12 is not prime, 13 is, 14 is not, 15 
is not, 16 is not, 17 is prime, and so on. There is no apparent 
structure here, such as every fourth number is not a prime, or 
even any more complicated pattern. The concept has mysti- 
fied human beings since early antiquity. Prime numbers are the 
essential elements in number theory, and the lack of easily- 
seen structure tends to make number theory seem un-unified as 
a field, and its problems isolated, difficult to solve, and without 
clear implications to other fields of mathematics. In the words 
of Barry Mazur: "Number theory produces, without effort, 
innumerable problems which have a sweet, innocent air about 
them, tempting flowers; and yet . . . number theory swarms 
with bugs, waiting to bite the tempted flower-lovers who, 
Once bitten, are inspired to excesses of effort!" 
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А Famous Note an ibe Marga 

Termac was smitten by che cham af rumhcrs Їп chem lie 
fuund Беаиту and meaning. He came up wich a numbes of che- 
nieces os numba theory, опе of which was chat every number 
of the term 2* 7&1 two raised 10 the power two aged 10 the 
power r.. plus one) is a prie number. Laver, ir was discovered 
that the theorem was false when a nutiber ot this form was 
murd nat са hc a prime. 

Among Релпаїз cherished Latin cranslacinns of ancicrr 
Lexis was à book called] the Anomang waiten by the Creek 
matacmacician Dioshancus. wha lived in Alexandra ın the 
third century A.D. Aceund 1637, Fermat wrote in Latin in thc 
тагат ab his Phophanlus, ги] Ur al problein or. breaking 
drwn a squared number inca two squares: 


Оп ce other hand, it ıs imposs.ble to separate a cube ito ie 
Ја. ar a biawadrate into swn hiquadraces, ит peserally any 
powcr except э збшас into Two powers with Lhe same caporerit. | 
have discovered a tntry marvelous pmo of chis, which, 20weser. 


Chi citi git is uot lige пону Wie ovsin. 


Thus mysterious моеи kept gerieralions ol mathenmasicians 
busy trying to supply che “truly marvelous proat Fermat 
claimed со have possessed. Che stazement selt, chat while a 
«quan; af à; whole number could be broken down mto two 
other squares of whale numbers (tar example, five squarca, 
which is twency-tive, equals the sum of tour squared ‘sixteen! 
and shree squared me], bos thar she same connot be done 
with cubes ay any higher powess, looked deceptively simo.c. 


FERMAT'S LAST THEOREM 


All of Fermat's other theorems were either proved or disproved 
by the early 1800s. This seemingly simple statement remained 
unsettled, and therefore was given the name "Fermat's Last Fhe- 
orem." Was it indeed true? Even in our own century, computers 
were stymied in attempts to verify that the theorem was true. 
Computers could verify the theorem for very large numbers, 
but they couldn't help for all numbers. The theorem could be 
tried on billions of numbers, and there still would be infinitely 
many—and infinitely many exponents—to check. To establish 
Fermat's Last Theorem, a mathematical proof was required. 
Awards were offered in the 1800s by the French and German 
scientific academies to anyone who would come up with a 
proof, and every year thousands of mathematicians and ama- 
teurs, along with cranks, sent “proofs” to mathematical journals 
and judging committees—always coming up empty-handed. 


July-August, 1993—A Fatal Flaw is Discovered 

Mathematicians were cautiously optimistic when Wiles stepped 
down from the podium that Wednesday in June. Finally, the 
350-year-old mystery seemed to have been solved. Wiles’ 
lengthy proof, using complicated mathematical notions and 
theories which were not known during the time of Fermat or 
indeed until the twentieth century, needed to be validated by 
independent experts. The proof was sent to a number of lead- 
ing mathematicians. Perhaps seven years of working alone in 
the seclusion of his attic had finally paid off for Wiles. But the 
optimism was short-lived. Within weeks, a hole was discov- 
ered in Wiles’ logic. He tried to patch it, but the gap would 
simply not go away. Princeton mathematician Peter Sarnak, a 


close friend of Andrew Wiles, watched him agonize every dav 
over the praf he had told the contre workal lu EEE only 
wa months earlier in Camhridge. “les as iF Andrew was trying 
tu lay ип oversized carpet on the Muar of а room, ' Sarnax 
explained "Тс pull и ач, and tbe carpi would fit елес 
in опе side ot che mox, but across che rao ic would he up 
against the wait, su he would ge there anc pull it cown ... and 
Пеле wouk pap ug iu another росе Whether oc not the 
carpet had che righ: size tor the mam was not «amelling he 
was able to deermine.” Wiles wichdrew into his artic. The 
reporles ИТТ the Меч: Yark Tes aud Uae nisl vl the шец left 
him to his lonely task. As time went by without a praat, mach- 
ета: опу the public ın zenezel beran ve wonder whether 
Feemars thearem was at all trae The marvelous proof Рае > 
sac Wiles convinced the world he prscessee hecame па mere 
real chan Fermats own "truly marvelous pront which che mar- 
gm à unliortunately tug still to „ол|дїп.”" 


Bekas Их реч nid Laherates Кахаз Cuca 2000 S.C. 

The story of Fermu Fast Тиси is much, much older than 
lermat limselt. Ets even older chan DDiaphantis, wose work 
Fermal was trying со generalize ‘Lhe urigins ot this simple- 
lacing yet ре оит сосем arc as akd às tuman су адлет 
itsc ^. They are mortcd in the Bronze Age clue that devel- 
oped in the l'ertile Crescent between the ‘ligvis and L'uphrates 
never of encieat Babylun iun ares лрг. todays Iraqi And 
wate Feanar's Lass Theorem is an ahstraci statement with ^w) 
applicacians in science. engineering. mazhemat:cs—nat even 
ч ruber theory, ils own niche within tuathemauic—ihe 
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roots of this theorem ure grounded in che everyday life ot the 
peemle ot Mesopotamia et 2000 H.C. . 

The era trom 200U B C. to 609 В.С in the Mesupulumian 
vüllev 3 considered the Babylonian Fra This time saw remark- 
абс excl cevelanments, including writing. the use ot the 
wheel, anc metal works. А syssem of Coils wes used fur irri. 
garing large traces of lund beween the Iwo rivis Ав тА 
tor Поцит ас in the fertile valley or Babylon, che ancient 
neanle wha inhahited these planes learned. co trace and to 
build prosperous ciues such as Baylor and Uh where Арга: 
ham was borat. Fen earlier, hy che end ot tac Fourth millen- 
nium В.С... a primitive tom of writing had already developed 
in both the Mesopotannare and thy Nile river valicys. In 
Mesopotamia, clay was ahuacanr and wedge-shapec marks 
were impressed with a stylus on soft clay tablets. These tublets 
were then baked in ovens or left to harden in the sun. This 
form af wining wy called cunrilrirm, а word derived from the 
latin word сатса, meaning wedge. The cuneitorm consrilules 
the Hrst known writing the work! has ever seen Commerce 
and construction in азу атп and in ancienr Ceypt учела thc 
need tor accurate measurements. Whe early scientists of these 
Bronze Ape societies learned tu estat the rane borween Мас 
cuvunference and che diameter of а cwcle, which gave chem a 
number close to what we cel! today pi. J he peuple who built 
the giant Ziggurat, che biblical Tuwer oJ Babel. and che Нәгы- 
ing Goruerns, опе ol Ihe Severs Wonder of che Ancient World, 
needed a wav to campute areas and volumes. 
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Woalth lea Squared Quantity 

А sophisticated. number system was developed using base 
sixty. and Rabylanian engineers and Iiuldeis were ali (o Lorn- 
pute the quanticies required in their everyday pratessional 
“vey, Squares of minber appear naturally in fite. although 3: 
doesn't «cem «o ar first glance. Senares at numbers can be 
viewed as representing wealth. A farmers prosperity is depen- 
des on ae amount af coups lie is uble to produce. Lhese 
crops, in turn, depend an che arte chat is available to the 
tarmer. Ihe area is a product of the length and the width of 
the field, and this is where squares come in. A field that has 
length aad widch equal to a has area cqual to a-squared. le this 
sense, therefore, wealth 25 o suuared quantity. 

The Rahylciıans wanted [Ed] knew when ыс КАП ЖП 
whole nambers could he partitioned into ather spares ol 
whole numbers. A tarmer wha owned onc held at twency-Tive 
eiue units ol kind сош swap it for two square fields one 
measuring sixteen squared units and che ocher mne «enarcd 
unirs. So a field Five units by five umts was equivalen? to two 
fields, one four lv four and the oiher three by nee. This was 
important intormation far the solution at a practical prahlem 
‘Luday we would write chis relationship in the term or an equa- 
luge 52 -32 « 42, And triples of such integers, here 3. 4, ond 5, 
whase squarcs sacishv this relation, are called Pyrbadasecn 
triples —even Коп they were known cu the Babylonians uver 
anc *liousancl уса before hi: Ur’ ЖП the lanig. y Carek muh 
emaczician, Pychagoyas, after wnom they аге named We know 
all chis irom an unusual clay sablet dateci to around 1900 B C 
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Риштон i227 
The Babylonians were obsessed with tables. And the ahın- 
cance al clay and che cuncitann writing cechnalogy they pos- 
sessed allowed chem со create many of chem. Because of the 
clay tablets! clucabrhiy. many ol ez survive raday. Tram anc 
locion Лопе, the sile ol ancient Nippur, ewer 50 (810 tablers 
were recovered and are now in che collections at the museums 
ot Yale, Coiumbia, and the Universily of Peinisylyaria, aning 
сег». Муну of these lablets are in che hasemenrs oz the muse- 
ums, gathering desc, [ying chere unread and undeciphered. 
One tables tan was deciphered zs remarkable This tablet, in 
Ihe muscam e Селма Univesity, is called Plimpzon 322. All 
it cantains are 15 triples oF numbers. Each опе uf the :riples has 
the property thar the (irs: ruzzber is u siruare and is the «im of 
tbe other two, each being stselt a seuared number—-the table 
cantans Ahteen Pythagarean tripies.? The numbers 25 = :6 + У, 
given earlier, romm a J'vthagureas (гріє. Another Detlygarcan 
triple or: Plie:pioo 322 8 169. 144. 25 (137 2 12° e 571. Хог 
all scholars agree on the reason tor the ancient Babylonians 
interest in these numbers. ne theory. is shut the interesi was 
vulely fur piecticu punpu»sus, del ihe fact raaz they used a num 
her asco with base sixty and cheretare preterced intepers su 
fractions supports this need to solve pructicd! probgenis with 
mice. whole square numbers. But other experts think that an 
imhenmi micrest in ssumlsers taemselves may alsa have heen a 
mocivator tor the Bahylonians inceresc in square numbers [i 
seems that. whatever the motive. Phripurs 333 may have 
«creed asa tonl tor teaching sntdents to solve problems where 
the numbers are pertect squares. 
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The Babylonians’ approach was not to develop a general 
theory for solving such problems, but rather to provide tables 
listing triples of numbers and—apparently—to teach pupils 
how to read and use these tables. 


Ап Ancient Society of Number- Worshippers Sworn to Secrecy 

Pythagoras was born on the Greek island of Samos around 580 
B.C. He travelled extensively throughout the ancient world 
and visited Babylon, Egypt, and possibly even India. In his 
travels, especially in Babylon, Pythagoras came in contact with 
mathematicians and likely became aware of their studies of 
numbers now named after him—the Pythagorean triples, 
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which Babylunian scientists and malhematiciaus had Known 
abouli for ovii ISN years Pythagoras came in cantace with 
che Ouilders al magnificent warks of are and architecture. and 
che mathematical aspects of these worden coukl nut escape 
eura, Pethagoras was alan exposed in his travels to religious 
ard philosophical ideas nt che Case. 

When Pythagoras retumed iv Caxece he left ilie island if 
Saas uid moved In Сеил, on che [calian "haoc." Ic is inter- 
esting to nore thac Pythagoras certainly saw must of the Seven 
Wonders of the Ancient World. Que of diese wanders ihe 
Temple. of I fera, is righe where Pythagoras was horn on 
Samas. Today, the reirs of che magnificent lemp:e—unly une 
standing culuran remains Lure 2mong hundreds are a shore 
walk away fram the modern town at Pythagorion, named in 
‘anor at the island's illustrimus sin. [ust across tae тоц шщ a 
few miles to the north, in mocecn-Uay Turkey, he оге of 
he Wonders in phe remains al ance Fohscsrs. The Colossus 
or Rhodes is nearhy, to the south ot Samns: the Iyramids and 
the Sphynx аге in Egypt and l'ythiagorus suw those: and in 
Babylyn he nist have seen ihe T nging Gardens. 

The Манап baos, including Crocana where Jhthagoras set- 
sled, as well as much of the rest of зошШлети falv, were ol that 
time part of the Cieek жон Magna Craccia. This "greater 
Careece’ included settlements all aver the eastern. Mediter- 
ranean, including Alexandria in Egypt with its large ethnig 
Greek populanon descendants ab when remained chere 
through the early 1990s. Noc rar from Crocona were caves for 
oraclcs pal like the Oracle of Delphi. who wus be eves! 1% 
farete! fortunes and tucures a’ people and natans. 
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"Матиз Г Бүгүн” 

[n the harren, stark салтак at the op of holy, Pyihugoras 
tounded a secret society dedicated to the study at numbers. The 
sociely, whose medlen became known collectively as the 
Pythagareans, is believed 10 hawe developed a substantial body 
vl mathematical Anowledge—all in complete secrecy The 
Pyibepureyns ure believed со have tellowed a pnilozaphy sm- 
marized by Ihor moli that “number is everything.” "| hey wur- 
shipped numbers and believed them m have magical prope nies 
Аг. obert of interest Lo them was a "perfect" rumber. One ot the 
definitions od а perket number a cuncept tha: continued Iu be 
pursced in the Middle Apes. and aspcars іп myscical systems 
such vs the Jewish Kabbulah—is a number chat is the sum af its 
multiplicacive Factis Tae hes and smplesl exaciple of u рет. 
fect number is che number six Six is the produc: at three aa 
two anu опе. [hese are che multiplicative Factors of chis num- 
her and we have fi 3 x Лх 1, But nate also tha if vou add the 
same factors vou will again ect the mimlser sx f - 31 2۰ | [n 
Hat sense, six is “perfect.” Another pectece number is 24, since 
the numbers that can divide 28 ма пате) are 1, 2. 4, 
7, and 14, and we nore chatalso. | - 2-4 - 7 + 14 - 28. 

The Prihapureun: followed un ascetic lifestvle, and were 
seriet vegetarians Bur they cid mot а. beans, thinking they 
resembled cescicles. Their preoccupacians with mimber were 
very much in the spirit or a religion, and their strict vegetarian- 
ism ичре uni religious beliels. While no documents survive 
dating са che time ot Pychagnras. chere ic a large body of lacer 
literature about che master and ais followers, and l'vchagoras 
Fimsel is елу сты «me of the greatest mathemuticans al 
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antiquity. To him is attributed the discovery of the Pythagorean 
Theorem concerning the squares of the sides of a right triangle, 
which has strong bearing on Pythagorean triples and, ulti- 
mately, on Fermat's Last Theorem two thousand years later. 


The Square of the Hypotenuse Is Equal to the Sum 

of the Squares of the Other Two Sides . . . 

The theorem itself originated in Babylon, since the Babylonians 
clearly understood “Pythagorean” triples. The Pythagoreans, 
however, are credited with setting the problem in geometric 
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terms, and thus generalizing them away from strictly the natural 
numbers (positive integers without zero). The Pythagorean 
Theorem says that the square of the hypotenuse of a right-trian- 
gle is equal to the sum of the squares of the two remaining sides 
of the triangle, as shown above. 

When the hypotenuse is an integer (such as 5, whose square 
is 25), the general Pythagorean solution in terms of the sum of 
two squares will be the integers four (whose square is sixteen) 
and three (whose square is nine). So the Pythagorean Theorem, 
when applied to integers (whole numbers such as 1, 2, 3,... ) 
gives us the Pythagorean triples which were known a millen- 
nium earlier in Babylon. 
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Incidentally, the Pythagoreans also knew that squared num- 
bers are sums of sequences of odd numbers. For example, 4 =| 
+ 3;9 =1 + 3 + 5; 16-1 + 3 + 5 + 7, and so on. This property 
they represented by a visual array of numbers іп a square pat- 
tern. When the odd number of dots along two adjacent sides is 
added to the previous square, a new square is formed: 
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рге снуе, Frictums. akî What Eke; 

But the Pythagoreans knew a lot mare chan whole numbers 
an fractions питу есу such as L2, 123. 929, 14771769, elc 3, 
which were known in anciquity hath in Babylon and in Faynt. 
‘Lhe Pythagoreans are the ones who discovered the irrationz 
пус ете that is, numbers shut connut be written vs Gaciiorns 
but have ta he writen as unending aon-repeating decimals. 
One such example is the number pi (3.141592654... 3, the 
rali ol the circumference iM a cce o ils атеке, The num. 
her pi 3s unending; it would take tarever to write *: dawn com- 
pletely since it bas inlinitety many (thal is, neverending?! dis- 
nnet digs. Ta write x dw, we simpy say: pi (TI Or, wc can 
write ic to any Hintze number et decimals, such as 3.14. 3.1415, 
от so. Computers were used ir: our veniury lo compute and 
write down pi te a million ûr man digits, but this as rarely nee- 
essary. Рі was known to within various appraximationss to the 
Babylonians and Egyptians of the second millennium B.C. 
They tovk n as roughly three, and it arose naturally us ù «onse 
quence ot the discove-y at che wheel. Рі also arose in various 
measurements of a pyramid. Di is even alluded to an the Old 
Темков: in Kinps 1. 7:23, we read алац 2 engalar wal being 
constructed. Frem che piven number of units For the circumter- 
ence and the diameter. we can conclude that che ancient 
Israchies Look pi to be roughly three. 

The Pythagovcans discovered chat the square гло о? wo was 
an irrational number. From an applicacion of the l'vchagorean 
Thearem us a right (rangle with iwa sees both equal ta anc 
unit, the Pvchagoreans ahtained chat the hypocenuse was а 
strange number: the square root of two. They could teil ibat Uns 
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number was nul алт integer nor even u ibon, à гай rl tri 
mte gers. This was 3 umber with an unending Gecimal regresen- 
tation which did not repeat itself. As 15 the case wich рі, to write 
down the exact nombec dial лу dw sree ronl af. osa 
“1.41121352. . : мтс take torever, since there ere inr- 
nicely mary digits, forming a unique sequence (richer thor a 
repeating oue such os 1 357 1428371428571224 37142357 
etc, which oec саша describe withaat having ce actually 
wnte down every digit. Any number with а repeating Јел: 
mei representation Chere. the serume 357142. repeats irselr 
aver and over again in the decia: part or chis number". is а 
ralicnal number, thar is, à nutciber hit can viso һе wtillen з 
the form e)». that ау. the rasa al ben оер in thes exam- 
ple, che two integers arc 13 and 7. The ratio : 37 is equa. to 
1.457142857142557142857142 . . | the potteri 537142 
repeating itself forever 

The discover vf che irrationality at che seuare rant of wo 
surprised and shocked these diligent number adznizecs. 1 hey 
swore never W tell unyonge octside Чиле society. Bul word gal 
ont And ‘eaeoe has it that Pychagoras himselt killed by 
drowning the member who divulged to the world the secret vl 
the existence of the stegme. itralional numbers 

Tae мате an dic number line a-e at two distin cc kinds. 
rational and irratonel. Looxed at together, they ДИ the ente 
koe with no holes. The numbers ure very. very clase crYiniles 
anally clase) to each ocher. The :2cianal numbers arc said to 
be everywhere dense within che real numbers. Any пеел" 
hand. amy liy эртем sroud û элна] number contains 
tntinicely many o* these илайола! nuxbers. Aad vice versa. 
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around every irrational number there are infinitely many ratio- 
nal ones. Both sets, the rational and the irrational numbers, are 
infinite. But the irrationals are so numerous that there are more 
of them than there are rational numbers. Their order of infin- 
ity is higher. This fact was shown in the 1800s by the mathe- 
matician Georg Cantor (1845—1918). At the time, few people 
believed Cantor. His arch-enemy Leopold Kronecker 
(1823-1891) taunted and ridiculed Cantor tor his theories 
about how many rational and irrational numbers. there are. 
Kronecker is known for bis statement, “God made the inte- 
gers, and all the rest is the work of man,” meaning that he did 
not even believe that the irrational numbers, such as the 
square root of two, existed! (This, over two millennia after the 
Pythagoreans.) His antagonism is blamed for having pre- 
vented Cantor from obtaining a professorship at the presti- 
gious University of Berlin, and ultimately for Cantor's frequent 
nervous breakdowns and his ending up at an asylum for the 
mentally infirm. Today, all mathematicians know that Cantor 
was right and that there are infinitely many morc irrational 
numbers than rational ones, even though both sets are infinite. 
But did the ancient Greeks know that much?* 
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The Pythagorean Legacy 

An important aspect of Pythagorean life, with its dietary rules 
and number worship and secret meetings and rituals, was the 
pursuit of philosophical and mathematical studies as a moral 
basis. It is belteved that Pythagoras himself coined the words 
philosophy: love of wisdom; and mathematics: that which is 
learned. Pythagoras transformed the science of mathematics 
into a liberal form of education. 

Pythagoras died around 500 B.C. and left no written 
records of his work. His center at Crotona was destroyed 
when a rival political group, the Sybaritics, surprised the mem- 
bers and murdered most of them. The rest dispersed about the 
Greek world around the Mediterranean, carrying with them 
their philosophy and number mysticism. Among those who 
learned the philosophy of mathematics from these refugees 
was Philolaos of Tarentum, who studied at the new center the 
Pythagoreans established in that city. Philolaos is the first 
Greek philosopher to have written down the history and theo- 
ries of the Pythagorean order. It is from the book written by 
Philolaos that Plato learned of the Pythagorean philosophy of 
number, cosmology, and mysticism, about which he later 
wrote himself. The special symbol of the Pythagorean order 
was the five-pointed star embedded in a pentagon. The diago- 
nals which form the five-pointed star intersect in such a way 
that they form another, smaller pentagon, in a reversed direc- 
tion. If che diagonals inside this smaller pentagon are drawn, 
they form yet another pentagon, and so on ad infinitum. This 
pentagon and five-pointed star made up of its diagonals have 
some fascinating properties, which the Pythagoreans believed 
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were mystical. A diagonal point divides a diagonal into two 
unequal parts. The ratio of the entire diagonal to the larger 
segment is exactly the same as the ratio of the larger segment 
to the smaller one. This same ratio exists in all smaller and 
smaller diagonals. This ratio is called the Golden Section. It is 
an irrational number equal to 1.618 . . . If you divide 1 by this 
number, you get exactly the decimal part without the 1. That 
is, you get 0.618. ... As we will see later, the Golden Section 
appears in natural phenomena as well as proportions that the 
human eye perceives as beautiful. It appears as the limit of the 
ratio of the famous Fibonacci numbers we will soon encounter. 


You can find the Golden Section by an interesting sequence 
of operations on a calculator. Do 1 + 1 =, then press 1/x, then 
+1=, then 1/x, then +1=, then 1/x and keep going. The number 
on your display should become 1.618... and 0.618... inter- 
changeably, once you have done the repetitive set of operations 


25 


FERMAT'S LAST THEOREM 


enough times. This is the Golden Section. lt is equal to the 
square root of five, minus 1, divided by 2. This is the way it is 
obtained geometrically from the Pythagorean Pentagon. Since 
this ratio never becomes a ratio of two integers, hence never a 
rational number, it proves that the square root of five is also an 
irrational number. We will see more of the Golden Section later. 

The Pythagoreans discovered that harmony in music corre- 
sponded to simple ratios of numbers. According to Aristotle, 
the Pythagoreans believed that all of heaven was musical scale 
and numbers. Musical harmony and geometrical designs are 
what brought the Pythagoreans to their belief that "All is num- 
ber." The Pythagoreans thought that the basic ratios in music 
involved only the numbers 1, 2, 3, and 4, whose sum is 10. 
And 10, in turn, is the base of our number system. The 
Pythagoreans represented the number 10 as a triangle, which 
they called tetraktys:° 
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The Pylhagorcans. cunsddened the terrakiys holy and even 
swore oaths by it. lactdencally, accanding ta Aristotle as we'l 
vs Ovid erd other classical writers, the number cen was chosen 
as Ure base fae the number system because people have len fin- 
gers. Recall that the Babylonians, on the other hand, used а 
number system based оп sixty There are seme remnants nt 
other number systems even today, The French word lot eighty 
iquacre-vingt, meaning ‘tour twenties) is a relic. of an archaic 
nuce ber умесе based on iwerty. * 


Гус Ropes. The Nite. wud che Зоте of Ceger)’ 
Much of what we know abos ancient Greek mathematics 
€ome« trom the Emr! of Госпа of Alexandria, wha heed 
around 300 B.C. Ic is believed that the first сма volumes of che 
Bienert wae ull on the work of Гу1һадогаъ» and his secret soci- 
ety The mathemarics at the ancient Greeks was done far 15 
beaury and cuncerned abstrace geometrical figures. The 
Caeess devefoped ап entice theory of geometry and it as this 
theory, mostly ancnanged, thas is taught in «chools today. In 
fuet, the Haere, or what remains of it today, is considered the 
grill Iexibook of all time 

Fieradoass. the great Creek historian of antiquity, heleved 
Ibar geometry was developed in ancient Egypt af 5,000 В.С... 
lang befor: Гас Greeks of Afexandriu und elsewhere. He tells 
haw the nvexHpw at the Nile would destroy houndaries 
hetween fields in the rivers fertile delca, and how this necessi- 
tated complicaved surveying lecheiques. For the purziose of 
this work, che survevers had to devciop geamcerrical concep 
and ideas. In bis Histeris, Herodotus writes: 
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If the river carried away any portion of a mans lot, the king sent 
persons to examine and determine by measurement the exact 
extent of the loss. From this practice, I think, geometry first came 


to be known in Egypt, whence it passed into Greece.® 


Geometry is the study of shapes and figures made of circles 
and straight lines and arcs and triangles and their intersections 
forming various angles. It stands to reason that such science 
would be essential for good surveying work. Egyptian geome- 
ters were indeed called "rope stretchers,” since ropes were used 
for outlining straigbt lines necessary both in building temples 
and pyramids and in realigning boundaries between fields. But 
it is possible that the origins of geometry are even more 
ancient. Neolithic finds show examples of congruence and 
symmetry of design, and these may have been the precursors 
of Egyptian geometry, inherited centuries later by the ancient 
Greeks. The same concerns that the Babylonians had with 
areas of fields, leading to their need to understand square num- 
bers and their relations, may have been shared by the ancient 
Egyptians, who were faced with the same agrarian quandaries 
as well as construction problems with their own pyramids. lt is 
possible, therefore, that the ancient Egyptians also had a 
knowledge of Pythagorean triples. What the Greeks did with 
geometry, however, was to establish it as a pure mathematical 
endeavor. They postulated and proved theorems. 


What is a Theorem? 
The Greeks brought us the concept of a theorem. A theorem is a 
mathematical statement whose proof is given. The proof of a 
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theorem is a rigarous justiticacian at che veracity at the cher- 
rem in such a way chal il cannot de disputed by anyone who 
Killens Ihe rales of logic. and wha accepts a set of axioms pug 
torch as the basis ror the logic «yscem. Euclids axioms include 
the definition ot a point. a line, and the statement that iwe 
parallel lines never meet Follewing axwam« and lagical pro 
gressinns, such as it A implies ll and B implies С. chen A implies 
C. the ancient Greeks were able to prove many beautify} thev- 
rems abiur the geaman of triangles and circles ancl цас 
and actagnns and hexagons and pentagons. 


"Раста, Eweka 

The great Greek mazhematicians Eudaxus (ffch century Н.С.) 
arid Accbiriedes ті century B.C.) extended such wok on 
geometrical gures zo che finding nt arcas using infinitesimal 
[meaning intiniteiy «mas, quantities. Tedoxus at Cinidus 
(408—355 B.C.) was a friend and student of Јао. He was too 
pour tg live in the Academy im Athens and «o he lived in the 
cheaper harbor ewn at Piracus, Кот which he commuted 
daily to Platos Academy. While Plato hinself was not a muth- 
€malieran, he excauraged matchemal ial work, especialiy shac 
nt gifted students sach as Eudoxus. Eudosxcs traveled to Egypt 
and there. as well as in Greece, leaned much geomeuy. Не 
mvenbed à А of exharstian/" which he sed са nû arcas 
at gcomerric pures by using inlinitesimal quantities. Eudaxus 
would, fur example, appeooataóte the area uf a circle by the 
«um af Lhe areas al many small receangles—wlinse arcas arc 
easy to ca:culare as the base times the height. This ts essen- 
laity the method used today in inregral calculus auch she mad 
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ern limit arguments are not different from Eudoxus' “exhaus- 
tion" method. 


But the most brilliant mathematician of antiquity was 
undoubtedly Archimedes (287—212 B.C.), who lived in the city 
of Syracuse on the island of Sicily. Archimedes was the son of 
the astronomer Pheidias, and was related to Hieron II, the king 
of Syracuse. Like Eudoxus, Archimedes developed methods for 
finding areas and volumes, which were the forerunners of calcu- 
lus. His work anticipated both integral calculus and differential 
calculus (there are two parts to calculus—Archimedes under- 
stood both of them). But while he was mostly interested in pure 
mathematics: numbers, geometry, areas of geometric figures, 
and so on, he is also known for his achievements in the applica- 
tions of mathematics. А well-known story is the one about 
Archimedes’ discovery of what we call today the first law of 
hydrostatics: the law that a submerged body loses from its 
weight the weight of the liquid it displaces. There was at that 
time a dishonest goldsmith in Syracuse, and King Hieron asked 
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his mathematician lriend to lind a мау to prove this. 
Archimedes started hy studying the Ho of weigh or submerged 
hndies, using his own body in the experiments. Не cook a bath 
and mude sortie measurements, When he discovered ilie law, he 
pumped. ec of the hach and ran naked through che sereecs ot 
Syracuse shoucing "Eureka, eureka!" "| tound it, | Found it^). 
Archimedes is also. credited with tke Jiscoveiy of 
arlimedes screw. a devien In raise water by turning a hand- 
nperated crank. It is scill ın use hy farmers around the world. 
hea che Rome Genel Матео» vuacked Syracuse in 
314 312 AC., 1 бегал again asked tar che help at his iilustri- 


"opt 


nus Telacive. As tne Roman Нее was approaching, Archimedes 
Uevised геш culapulls based ou his study of levers, and the 
Syracusans were alle га detend themselves well. Bit Marcellus 
regrouped his forces end some cime iater actacked frum che 
rear and was able lo take Syracuse by surprise. his time 
Archimedes was vot even aware of che attack and was sighing 
quictly nn the ground ahnve the city drawing geomerrical hg- 
ures in the sand А Romen soldier approuched and stepped on 
Une funes. Ат ат сас pumped, exclaiming: “Pont disturb my 
circles!” at which the solcier drew his sword and killed the 75- 
year-uld maihematician. (а his wall Archimedes hud appar- 
ently requested that his araveseone hear a carving ot the par- 
ticular geomiccric Hgure he адтісес—а sphere inside a cylin- 
der. The neglected grave wis covered ond the site lost, but the 
Roman orator Cicero found it many years lacer and rescared 1t, 
and chen the sands ot time covered it again. In 1:65. ground 
was broken tur u new hotel near Syracuse, and shere workers 
ivdiscavered Archimedes tomh. 
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Archimedes tavorice theares had co. da with che sphere 
inside che cylinder and he wrote the theurem in a buuk cillec 
The Мн As with MOS ANE lets. И was arvel lose. fi 
1906, the Danish scholar І. [. 1 Heíherg heard thac in Constan- 
tinople there was а faded purehment manuscript with wriungs 
of à == таи" nature, TIe traveled wi Canstawinaple anc 
tound the manuscripr, corsiscing of 145 leaves or parchment. 
Scientilic studies proved it was a lenth-cencum copy of 
Archermedus hook, aver which Fasern Очих prayers had 
heen added in the chirteenth century 


Аала. батек Бау, Caw AT) тти 

Arnund 4.13. 230 a mathemarician by the name or Dinphantus 
lived in Alexandria. АЛ that we know abo: che Ше vf Dw- 
phantus -¢ whales give in the rallesmg anlem in a collcc- 
Icy galled the Pabame Amthoiogy, written. raagliy a cenu 
atter Diophanrus' death." 


Here xor see the conn cunei nimig the: rema is ol Dic annuus, it is 
remarkable: artfully it velle dive Measures of hzs hice. The sixth pare 
of h.: ге God grand him zor his yours. Afer а twelfth more hs 
< hreks were heardec. Alter a7 adilitional ега he kiml cé Ыг 
light of marnage, and zai the fth усаг he accepted a son. Alas. а 
dear bur unfortunate child alt cf his father he was when chit Face 
tiok him. He сие his inel ir. che rem ining lour yrs nl Irs 
lte. By tus devise o£ зыш, tell es the extent of his hfe. 
[fF you «мус the implied ceraian. your will find chat the 
answer is $4.) 
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[с is nat certain when Diaphantirs lived. We can date his 
period based only un смо interesting taces. First, he quotes in 
hes wirings Hypsicles, wlio we know hved axund 150 R С, 
And second. Iianhantus himsclt is quoced by Thean ог 
Alexsnuria Theon’s time is dated well by the solar eclipse 
аме acvcuried. on June 14, А.Г. 364 So Dianhantus orr- 
tainly lived before А D. 363 bur after 150 R.C. Scholars, some- 
whar arbicrarily, place him at about A.D. 250. 

Diophontus wiote the Anthieuug, which developed algebraic 
concepts and gave rise са a certain. турс at equacia n These are 
the Diophantine equatiuns, used in mathematics today. Не 
wale fifteen volumes, nale $1« of which caine down lb us The 
rest were Inst in the fire that destroyed the grear library of 
Alexandria, the must monumental collection of buoks in antiq- 
nity. The volumes that sursived were amen the) laa Gareeb texes 
са bc translated. The trst kaown Û асіп cranslatian was published 
іп 1575. But the copy Fermat had was the ane translaced by 
Claude Bacher m 1621. J was Diophiartus Problemi 5 m Volunie 
Il, asking tor a way ot dividing a given square number inca che 
sum of cwo squares—the I"vthagorean problem waose sotutiun 
was knuwn to the Babylunivin iwo thousand years earher һәр 
inspired Termar со wire his tamous Lasr Theasem in the margin. 
‘The mathematical achievements of Diuphancus and his contem- 
Гм WUT ihe Vinny pylrıry к ehe THA IONE Crocks 


Arabian iNigbts 

While Europe was busy боле live feudal wars of the vassals 
(f one king or prinec against another, surviving the Cycac 
Pague, and going nn costly and otten deadly expeditions 
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called the Crusades. the Arabs ruled ù llourishing empite бини 
the Middle fase co the Iberian Peninsula. Арон their great 
achievements in medicine, astronomy, and the arts, the Arabs 
«коре algebra, m АТ. 632, the prophet Моше 
established an Islamic seate centered at Mievea, which remains 
the religious center ot Islam. Shortly afterwards, us. forces 
euacked the Byzanine Ерата, au offenser who continued 
after Mohammed's death a Medina chat same усаг. Within a 
few vean, Damascus, lerusalem. and much of Mesopotamia 
fell to the fenes nif Tam, aid by & 0. 641 so dul Alixen 
cria—the mathematical ceater at the world. By Ald. 750, 
these wars as well as the ones among the Moslems themselves 
subsided an thy Arabs af Morven und the west were reor 
ciled wich the easter. Arabs centered in Bagindad. 

Baghdad became a center ol machemaues. ‘Lhe Асо 
absorbed mathematical ideas as well as discoveries in astor- 
omy and ather sciences fmi the арат at the абас chev 
overcame. Scholam tram Iran, Мут: and Alexandria were 
culled to Boghuad. Dinag the гейип of the culiph Al Munie іп 
the carly RAGS, the Arabian Niyas was writen anc many Greck 
works, including Euclid's Liemers, were translated into Arabic. 
Тае culiph estublished à House of Муст in Baghdad, ural 
one al ils members was Mohammed Ihn Musa Al K'owarizmi. 
Like Беса. Al-Nnowarizini was to hecame world-renowned. 
Burrowing Hindu ideas and symbols lor numerals. as well as 
Mesopotamiam cance ls and Tuclids geomeuwal thought, Al. 
Khowarizmi wroce hboox« on arichmetic and algebra. [he word 
“algorithm 25 derived [тот Al-Kbowarizii. And tbe word 
"algebra" is denved rom chc first wards in che title at àl- 
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Rhowarremis пс well-known Маа: А! tee Ya Мисар. 
le was From tais book chat Europe was lacer to learn che branch 
ef mathematics called оерт While algebraic ideas aze in rw 
raat at Dsüphaazis! Acitinebce, the АГ debris more closely 
related ta che algebra of today he book is concerned with 
straighifvrward эшшшек of equatiuns of first and second 
deve. li Arabic, thy name ofthe book means "селга сля hy 
Кагуу ита terms tram ane side or an equazinn то the orher'— 
the way fint-urder equations иге solved (Јоу. 

Ает end geunwiry aw relaind, as эге all bzanches ot 
mathematics. Спе Held thar links cheze wo together is alpe- 
braic geometry, developed in uur ceritucy. JU is the Каре uf 
[ча сь af mathematics and areas that lie wichin dtercec 
hranches and eonnect chem, thar would pave che wav to Wiles 
work un Feonals problem centuries dover. 


The Adrii! Met срт atid the Coden Чесїпя 

The Arzhs were incesested in a probiem that was very closely 
relied to the Diuphontine question «f finding Русћарагсап 
Iriples. The problem was to Fina Pythagorean ciples giving an 
area nt a right-ciangle that is alu an integer. Hundreds uf years 
hier this problem found sell as che basis tor che book Fiber 
()шДгайогит!, wereten in 1225 by Leonarda ot Pisa 21 (80-1250. 
Lennardo was better known as Кюл бе іе ineats “son of 
Uonaccio i. Fibonacci was on соет іти merchant fen in 
Pisu He aho livec in North Africa and Constantinople, and he 
traveled extensive’y throughout bis life and visited Provence, 
Sicily, Syne, Egypt, and many other meas iı the Medien пса. 
| fis ravels and hus relations with the ciz of Meditervancarn soci- 


ELI 


ГГАМАТ Є Lag? ТУСЕМ 


ety of e time brought him vato cumari with Arab rv һе. 
ideas, as well as Curek and Roman culture. When the emperor 
Frederick Jl came ca Vise, Fibonacci was introduced со the 
emperors court and became 3 imeraber vf the arqpertal entauzage 

In addition to Lib Quaadretoziss. Fibonacci is known tor 
anuther book he wrote zc ther time, Liber Abaci. А problem 
abou, Руди sangha zh олку buuk als» appears 
in a Byzantine manuscript at che clevench century now in the 
Old J’alace library in Istanbul. Jt cuold be a coincidence: un 
the other fand, Fibonacci might have seen thar same book in 
Constantinople during his travels. 

Fibonacci is best known tor the seguence of numbers named 
alee him, the Fina Numbers Fhese numbers orig mare in 
the tellowing problem in the titer Abe. 


How maay pars of rebbits will be oreduced in a year. beginn.nz 
with angle par, I iv every arionzh ech paiz beers a гисм pir 


which ресс nes 2roducuve frei che sceend mane: om 


The Fheracci sequence, whieh is derived tram this prah- 
lem, is оге where each term after the first is obtained by 
addog together the two rubies thiu precede it The 
sequence ts 1, 1,2, 3. 5, $ 13, 21, 74, 45,89 114... 

‘This sequence ‘which is taken to conzinue beyond che 172 
months uf the problem? bos unexpectedly sugnilicanmt prupcr- 
tics. Amazingly, the racia of two «uccessivc numbers in the 
sequer.ce tends to the Golden Section. [he ratios are: l'l, 177 
2/3, WS 5/8. 3713, 13/21. 21234, 34/85, $5789. 597144, ctc. 
Nore thar chesc numbers ger closer and closer to (sgr5 - 112 
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This is the Golden Section. It can also be obtained using a cal- 
culator by repeating the operation 1/1 + 1/1 + 1/.... as 
described earlier. Recall that the reciprocal (1/x) of the Golden 
Section gives the same number, less 1. The Fibonacci sequence 
appears everywhere in nature. Leaves on a branch grow at dis- 
tances from one another that correspond to the Fibonacci 
sequence. The Fibonacci numbers occur in flowers. In most 
flowers, the number of petals is one of: 3, 5, 8, 13, 21, 34, 55, 
or 89. Lilies have three petals, buttercups five, delphiniums 
often eight, marigolds thirteen, asters twenty-one, daisies usu- 
ally thirty-four or fifty-five or eighty-nine. 

The Fibonacci numbers appear in sunflowers too. The little 
florets that become seeds in the head of the sunflower are 
arranged in two sets of spirals: one winding in a clockwise 
direction and the other counter-clockwise. The number of spi- 
rals in the clockwise orientation is often thirty-four and the 
counter-clockwise fifty-five. Sometimes the numbers are fifty- 
five and eighty-nine, and sometimes even eighty-nine and a 
hundred and forty-four. All are consecutive Fibonacci numbers 
(whose ratio approaches the golden section). lan Stewart 
argues in Nalures Numbers that when spirals are developed, the 
angles between them are 137.5 degrees, which is 360 degrees 
multiplied by one minus the golden ratio, and they also give 
rise to two successive Fibonacci numbers for the number of 
clockwise and counter-clockwise spirals, as shown below. 
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If a rectangle is drawn with sides in the Golden Section 
ratio to each other, then the rectangle can be divided into a 
square and another rectangle. This second rectangle is similar 
to the large one in that it, too, has ratio of sides equal to the 
Golden Section. The smaller rectangle can now be divided 
into a square and a remaining rectangle, also in the Golden 
ratio . . . and so on. A spiral through successive vertices of the 
sequence of rectangles that can be drawn is one that appears 
often in shells, in the arrangement of sunflower florets as men- 
tioned, and in the arrangement of leaves on a branch. 
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‘The Pgrrhenor. Az sens, ©ге”гР 


The rectangle has appealing proportions. The Grider Ser- 
ciun appears not enly in nanne bur also in arr as che classic 
Weel oi лш. There is something divine about che sequence. 
ard ir tact che Fibonacci Suciesy, which is active inday. is 
headed by a pnest ane kenieret az St. Marys Coliege in ali- 
Tama The Society is dedicated a: the pursuit of examples of 
che Cmiden Section and Fiborucci Numbyry in nature, an, and 
archicocture, witn the belief chat he raria *s a gite at God to 
the world. Аз the seal of heaury, the Calden Seccian appears 
tin such places. as che Achenian l'arthenon. The riv of re 
height ot che Parthenon xu its tengih is the Calden Section. 
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The great Pyramid ar Giza, built many hundreds ot years 
helnre.the Greek l'arzhenon, has ratio af height о? a tace to 
half the side of the base aso iı the Collen Section. The 
Fgypcian Rhind Papyrus refers со a “sacred tacia.” Ancient srat- 
ucs as well as renaissance paintings display the prapartions 
equal In the Guklen Secon, the Divine Ruli. 

The Golden Section has been searched tor as the ideal at 
beauty beyond flowers ur architecture. In a leter cu che 
Fibunacur Societe sume veas дро, a member described how 
samcone ooking ta find the Calden Sectian asked several 
couples cu perfurm an experiment. Lhe husband was asked то 
mease He berb af Ins wiles navel opd deide d by lis wife's 
height. The writer claimed char in all couples the raria was 
close cu 0.618. 


Thee Crsesis 

Mathematics entered Medieval) Eurupe through Fibunacci's 
works and [rom Spinn, then part af the Arab world, with the 
work ot Al Khawarizmi. The main idea nt algehra їл chase 
days was to sulve equaciuns fur an unknown quancity Today, 
we call the n pw «(urit uw anal ley ТИ] Sr ve лп етуп 
tar whatever value "s" may have Ап example of the simplest 
equation is: X - 5 = J. Here, we use simple math operations су 
find che value xf ^w " VÉ we add & us both edes of the спои 
we get on thc len side x - 5 + 5, and on the righre side we get fr 
= 5. So the leli side is x^ and che right side is 5. That is, x = 3. 
The Arabs of Al Khowanazmis day called the unknown eman- 
city “thing.” Che word lung" in Arabic is stai. And so they 
solvi equaunns [ог the unknown shai. as done above wich "x ` 
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When these ideas were impared to Europe, the Arabic sha: 
was Lrarsluted aate Latin. In Latin, “thing” is res. and in Jakar il 
i$ «ка Since IAC first Turapean alachraists were Italian, the 
word cata was attached to them. Since they were concerned 
with solving equations for an unknown ыт diey became 
known as the Cose 

Asin Babylan исе ane a ла! millennia carlier, mathematics 
in che Middle Ayes and the early Renaissance was mainly used 
vs am axd in cummerce. Mercantile усло of char nie was 
inereasinglv cance med with problems ot crade, exchange vates. 
protizs, costs. and these could sometimes be cest as mathemixi- 
val problems requiring the solui DI srine puan The сас: 
sists were peaple such as larca Pacioli 11445-1314), Geronimo 
Cardano 1501-1576) Niccolo Jarcagha (1500-13571. and 
vther who carpeted with cach wether 55 problem snlvers in 
the service uf тааст and. crackers These machematicsans 
used the solution at more abstract problems as а form af 
advertising. Since they had to cormpete for clients. hey would 
аһа; sperd time and ciran selva chese more dificult prob- 
kms, such as cubic equations [equations where the unknown 
quantily "cusa," ог our "x," us :n che ПК power, x?! su tha 
they coukl publish che results and hecome ever more sought- 
alter tor the solution of applied problems. 

In the early 15005, ‘Tartaglia found à way lu solve cubic 
€quations and kepi the method secrer. so he could retain ап 
edge over his competitors in the lucrative prablez:-solving 
market. Ater lartaglia won a problem-solving competion 
againss another mathematician. Cardano pressed him 10 reveal 
his seeret nf haw he could salve these cubic eauations. 
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Tartaglia revealed his method, on the condition that Cardano 
keep it a secret from the rest of the world. When Cardano 
later learned the same methods from another cossist, Scippi- 
one del Ferro (1456—1526), he immediately assumed that 
Tartaglia got his system from this person, and felt free to 
reveal the secret. Cardano then published the methodology 
for solving cubic equations in his 1545 book Ars Magna. 
Tartaglia felt betrayed and became furious with Cardano. In 
his last years, he spent much of his time vilifying his former 
friend, and he succeeded in diminishing Cardanos reputation. 

The cossists were considered mathematicians of a lower 
level than the ancient Greeks. Their preoccupation with 
applied problems in pursuit of financial success, and their 
unconstructive fights among themselves, kept them from look- 
ing for beauty in mathematics and the pursuit of knowledge 
for its own sake. They did not develop an abstract, general 
theory of mathematics. For that, one needed to go back to the 
ancient Greeks. That is exactly what happened a century later. 


Renaissance Quest for Ancient Knowledge 

Thirteen hundred years had passed since Diophantus. The 
medieval world gave way to the Renaissance and the begin- 
ning of the modern age. Out of the darkness of the Middle 
Ages, Furope awoke with a thirst for knowledge. Many people 
turned their interest to classical works of the ancients. What- 
ever ancient books existed were translated into Latin—the lan- 
guage of the educated—in this revival of the search for knowl- 
edge and enlightenment. Claude Bachet, a French nobleman, 
was a translator with a great interest in mathematics. He 
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ubtained а сору ul the Creek Anl/rmetiza of Diophantus, trans- 
lauel i£ and published it as Гари Alxandriki Asitimericonam 
Libri Sex in Paris in 1621. It was a copy ot this book that tour 
its way tu Fermat. 

Fennacs theorem says chat there are no RABE Pythagorean 
criples tar anything beyond squares. There are no triples of 
numbers, two adding up to the thicd, where thy throe numbers 
are рстіссі cubes of integers, or tourth-powers of integers, 
titth, sixch, or any other powers. How could Fermar corte up 
with wich a theorem? 


Squares. Cubes. eid Higher Dustisicns 

A theorem ts а slatcmen! with a proof. Fennas claimed to have 
had a "marvelous prot," but wichout seeing and validating che 
proof au one could call bts statement a theorem. A statemenc 
may he very асер. very meaningfal and impartanr, but мдш, 
the proof that it is indeed true, it muse be called a conjecture, 
or sameciincs a hypothesis, Onee а conjecture 15 proven il 
chen can be called a rbeorem, or a lemme if ic as a preliminary 
proven scatemenc which chen leads to а more probound theo- 
rem. Proven resules thar fallow a theocera «x culled corollar- 
‘es And Fermat bad à numb: of such scatemencs. One such 
statement was that che number 22°54) was always a prime 
number. This conjeceure was not ouly т proven, hence nul à 
theorem, il was actually proven 1o he стона. This was dane by 
the gical Swiss mathematician Leanhard Euler i 1707—1783) in 
the Following century. So there was по ceason lo believe rhal 
the “fuse theorem" was tme. [1 could be truc, ar it could be 
false. To prove chat Fermars last Theorem was talse all same- 
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one would have to do is to find a triple of integers, a, b, and c, 
and a power n, greater than 2, that satisfy the relation a" + Ё" = 
c". No one has ever found such a set of integers. (However, 
assuming that a solution exists was to be a key element in 
attempts to prove the theorem later.) And by the 1990s it was 
shown that no such integers exist for any n less than four mil- 
lion. But that did not mean that such numbers could not be 
found some day. The theorem had to be proven for all integers 
and all possible powers. 

Fermat himself was able to prove his Last Theorem for «=4. 
He used an ingenious method he called the method of "infinite 
descent," to prove that no integers a, b, and c exist satisfying a* 
+ bt = ct, He also recognized that if a solution existed for any 
power п, then it would also exist for any multiple of n. One 
would therefore only have to consider prime numbers (greater 
than 2) as the exponents, that is, numbers that cannot be 
divided by any number other than 1 or themselves in integers. 
The first few prime numbers are 1, 2, 3, 5, 7, 1 1, 13, 17... None 
of these numbers can be divided by any number other than 1 
or themselves and an integer result. An example of a number 
that is not a prime is 6, since 6 divided by 3 gives 2—an inte- 
ger. Fermat was also able to prove his theorem for 123. Leon- 
hard Euler proved the case n=3 and n=4 independently of Fer- 
mat, and Peter C. L. Dirichlet in 1828 was able to prove the 
case n=5. The same case was proved by Adrien-Marie 
Legendre in 1830. Gabriel Lamé, and Henri Lebesgue who 
corrected him in 1840, were able to establish the case н=7. 
Thus, two hundred years after Fermat wrote his famous note in 
the margin of his Diophantus, his theorem was only proven 
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correct for the exoonencs 3, 4, 5, 6, and 7. h would be a long 
way lp iufmm y, which 15 ГИТ bur ha d In de In гау 1he then 
rein tor игу expanent r. Clearly, what was needed was a gen- 
eral proot that would work fur all exponentis, however гре 
shev пт be Machemalnsans were all looking rar the elusive 
acncral proof bur untorarmacely whac they were finding were 
pronrs tar oarcicular exponents only. 


The Alyoris! ‘ 

An alporisc is a person who devises comparing systems, UT 
vlyoritias. Que sach: person was the pihit Swiss mathe 
matician |Lennhard Fuler, who was said са he able to caiculate 
as nacurally as other people breathed. Bet Euler was much 
more than a wolking calculator He was the mast productive 
Swiss scecncist ot all times. and a mathematician who wrote so 
many volumes at work that che Swiss government established 
u special fund to collect all of bus works. He is said lo hase 
produced mathematical papers hetween twr calls for dinner at 
his large household. 

Leonhard Euer was bum in Basel ол Amil 18, 1707 The fol 
lowing year. the family moved ca the village or Riechen, where 
the tather became che Calvinist pasior. When vang Leonhard 
went to school, his futher encouraged Ium са pursue the study 
nf chenlagy ao thac he would evenmually take his piace as the 
village pastor. But Fuller showed much promise in mathematics 
and was титтей бу lohannes Beinoulh. a well-known Swiss 
malbierruuciani of the day Daniel and Nicolaus Mernoulli. wo 
younger members of the large Bernoulli family of matherati- 
cians. became his pood friends. These two convinced | exin 
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hard's parents to allow him to pursue mathematics, since he 
would become a great mathematician. Leonhard, however, 
continued with the theology in addition to mathematics, and 
religious feelings and customs would be a part of his entire life. 

Mathematicial and scientific research in Europe in those days 
did not take place primarily at universities, as it does today. The 
universities were more devoted to teaching and did not allow 
much time for other activities. Research in the eighteenth cen- 
tury was primarily done at royal academies. There, the monarch 
would support the leading scientists of the day in their pursuit 
of knowledge. Some of the knowledge was applied, and would 
help the government improve the standing of the entire nation. 
Other research was more "pure," that is, research for its own 
sake—for the advancement of human knowledge. The royals 
supported such research generously and the scientists working 
at the academies were able to lead comfortable lives. 

When he finished his studies of mathematics, as well as the- 
ology and Hebrew, at the University of Basel, Euler applied for 
a professorship. Despite the great achievements he had already 
made, he was turned down. In the meantime, his two friends 
Daniel and Nicolaus were appointed as research mathemati- 
cians at the royal academy in St. Petersburg, Russia. The two 
stayed in touch with Leonhard and promised that, somehow, 
they would get him there too. One day, the two Bernoullis 
wrote an urgent letter to Euler telling him that there was an 
opening in the medical section of the St. Petersburg academy. 
Euler immediately put himself to work studying physiology 
and medicine at Basel. Medicine was not something that inter- 
ested him, but he was desperate to have a job and hoped that 
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this way he could join his two friends who had such excellent 
positions doing nothing but their own research in Russia. 

Euler found mathematics in whatever he studied, medicine 
included. Studying ear physiology led him to a mathematical 
analysis of the propagation of waves. Át any rate, soon an invi- 
tation came from St. Petersburg, and in 1727 he joined his two 
friends. However, on the death of Peters wife Catherine, there 
was chaos at the academy since she had been the great sup- 
porter of research. In the confusion, Leonhard Euler slipped out 
of the medical section and somehow got his name listed with 
the mathematical section, where he would rightfully belong. For 
six years he kept his head low to prevent the detection of his 
move, and he avoided all social interactions lest the deception 
be discovered. All through this period he worked continuously, 
producing volumes of top-rated mathematical work. In 1733 he 
was promoted to the leading mathematical position at the acad- 
emy. Apparently Euler was a person who could work anywhere, 
and as his family was growing, he would often do his mathemat- 
ics while holding a baby in one arm. 

When Anna Ivanova, Peter the Greats niece, became 
empress of Russia, a period of terror began and Euler again hid 
himself in his work for ten years. During this period he was 
working on a difficult problem in astronomy for which a prize 
was offered in Paris. A number of mathematicians requested 
several months’ leave from the academy to work on the prob- 
lem. Euler solved it in three days. But the concentrated exer- 
tion took its toll and he became blind in his right eye. 

Euler moved to Germany to be at the royal academy there, 
but did not get along with the Germans, who enjoyed long 
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philosophical discussions not to his taste. Catherine the Great 
of Russia invited Euler back to the St. Petersburg academy and 
he was more than happy to come back. At that time, the 
philosopher Denis Diderot, an atheist, was visiting Catherine's 
court. The empress asked Euler to argue with Diderot about 
the existence of God. Diderot, in the meantime, was told that 
the famous mathematician had a proof of God's existence. 
Euler approached Diderot and said gravely: "Sir, а + b/n = x, 
hence God exists; reply!” Diderot, who knew nothing about 
mathematics, gave up and immediately returned to France. 

During his second stay in Russia, Euler went blind in his 
second eye. He continued, however, to do mathematics with 
the help of his sons, who did the writing for him. Blindness 
increased his mental ability to do complicated calculations in 
his head. Euler continued to do mathematics for seventeen 
years and died while playing with his grandson in 1783. Much 
of the mathematical notation we use today is due to Euler. 
This includes the use of the letter i for the basic imaginary 
number, the square root of -1. Euler loved one mathematical 
formula, which he considered the most beautiful and put it 
above the gates of the Academy. The formula is: 


eT, 1 =0 


This formula has 1 and 0, basic to our number system; it has 
the three mathematical operations: addition, multiplication, 
and exponentiation; and it has the two natural numbers pi and 
e, and it has i, the basis for the imaginary numbers. It is also 
visually appealing. 
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Euler was such an incredible visionary in mathematics that his 
pioneering work on imaginary numbers (and what today is 
called complex analysis), was not his only innovation. He did 
pioneering work in a field which, in our century, would 
become indispensable in the work of mathematicians—and in 
attempts to solve the Fermat mystery. The field is topology, a 
visual theory of spatial configurations that can remain 
unchanged when transformed by continuous functions. lt is 
the study of shapes and forms, some with intricate, unex- 
pected geometry, which is extended to four, five, or higher 
dimensions beyond our normal three-dimensional world. We 
will visit this fascinating area again when we get to the mod- 
ern approach to Fermat's problem, since topology—much as it 
seems unrelated to the Fermat equation—has great importance 
for understanding it. 

Predating the development of topology, Eulers contribu- 
tion to the field is the famous problem of the Seven Bridges of 
Kónigsberg. This is the puzzle that started the whole interest 
in topology. In Euler's time, seven bridges crossed the Pregel 
River in Kónigsberg. These are shown in the diagram below. 


49 


FERMAT'S LAST THEOREM 


Euler asked whether or not it was possible to cross all seven 
bridges without passing twice on any bridge. It is impossible. 
Other problems, which were studied in modern times and 
were posed because of interest in the seven bridges problem, 
are the various map-coloring problems. А cartographer draws 
a map of the world. In this map, each country is colored differ- 
ently, to distinguish it from its immediate neighbors. Any two 
countries or states that are separated completely from each 
other may be colored in the same exact color. The question is, 
what is the minimum number of colors required so that no two 
states that touch each other are in the same color? Of course, 
this is a general problem, not bounded by how the map of the 
world looks today. The question is really, given all possible 
configurations of maps on a plane, what is the minimum num- 
ber of colors that can be used? Given boundaries between 
states in the former Yugoslavia or in the Middle East, with very 
unusual lines between political entities, this general problem 
becomes relevant in applications. 

Mathematically, this is a topological problem. In October 
1852, Francis Guthrie was coloring a map of England. He 
wondered what would be the minimum number of colors to be 
used for the counties. It occurred to him that the number 
should be four. In 1879 a proof was given that the number was 
indeed four, but later the proof was found to be false. Almost a 
century later, in 1976, two mathematicians, Haken and Appel, 
proved what had become known as the Four Color Map prob- 
lem. To this day, however, their proof is considered controver- 
sial since it made use of computer work, rather than pure 
mathematical logic. 
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Gauss, Thy (ота! German Grins 

An alleged error in Tuler's pronf toe &-3 ichar is, rar cubes) 
was correceed Sy Сагі Friedrich Gauss 11777-1855). While 
most f the renowned iiathematcians or. this time were 
French, Gauss, undoubtedly the greatese machematician pF 
che time—and arguably ot all times—was unmistakably Ger- 
nnl, In Tau, he пел ГАП Cermany, сус Геп à visrt. Gauss 
was the grandson at a усту paer peasant, and the son ata 
laborer in Brunswick. His father was harsh with him. but bis 
mother priceeed and cecoauaraged her sim Young Carl was 
also raken care of by his uncle Friedrich, the brother of Ciauss' 
mother Dorothea. Uhis uncle was wealthier than Carls par- 
rris and made 2 eepula2tinn lor himsel in the ricld of weaving 
When Carl was chree vezrs ald, he ance watched his uncle 
vdu up his accounts іп ù tedger. “Uncle Frrednch,” he iner- 
rupted. ibis осаат is wong” Thy uncle was sacked 
From chat day en, tae uncle cid evervching разе to con- 
tibee to. the edecasion and vare of the vourg genius 
Although Cuuss showed incrcdehle pramise an л. Ius 
behaviar somcrimes Ich somerhing to he desired. Опе day. 
the ceacher punished young Gauss by telling him to sloy in 
the classi oon until ¢ seger "п 31 che numbers tram 1 to 100 
while everyone celse were to play outside. lwo minutes lacer, 
the LO-vear-old Gauss was vulside playmg with the test ol the 
class The teaches ante out. hurienus. "Carl. Friedrich! the 
teacher called, "до you wanr a more severe punishment: J told 
you 10 slay insxde umil you have йгдулє оуЈіпь up all the 
numbers” "Bur | have,” he said, “here is the answer.” Cass 
handed the reaches a piece or paper with che right answer, 
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5.05U. written on ic. Apparencly, Gauss figured out chat hc 
could write lwo rows of 10) numbers: 


fi 1 2 Эз. мез 97 93 эу LOU 
ик 9n QR ау 3 2? 1 f 


Не nosed chat che sum of each column was IDP, so there was 
nothing long co add up. Since there were 101 columas, the 
sum al all che numbers way 101 x LOO- LO, J00. Now, richer ul 
che cana rows had the sum he needed—all the numbers trom | 
tu LOD. Since he needed only one of the two rows, the answer 
was half af 16.100, пт 5050. Very эмире, he thought. The 
teacher, however. learned a lesson and never again assigacd 
the усип Gauss a cath proble:n as punishment. 

When he was fifteen, Gauss auended college at Brunswick, 
through .che help at che (uke ot lRiranswick, The Duke later 
alse suppurted the young mathemacician in cnrolling ac che 
renowned uriseisuy at Göttingen. There, оп Mah 3U, 1796, 
Gauss wroze the first page in his famous diary The diary had 
univ nineteen pages. but in chese pages Ciauss recorded 146 
brief satemcets of unpurlant and powerful mathematical 
resules he had derived. It was lacer discovered. that alist 
every imponant mathematcal idea published hy апу mathe- 
matician m the [ote eighteenth ond in the nineteenth centuries 
had been preceded by ane of the cacries 1n Gauss unpublished 
«асу. ‘I'he diary remained hidden until it was trund in the pos- 
session ef Сиу grandson in Humbin m 1898. 

Gauss resuli in nanther theory. which were shared with che 
rutheruaticians of bis day by regalar correspondence, were cof 
grca: importance in all aucmyls by malhiematiciams 10. prove 
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Tennats last Theorem. Macy at these zesules were contained in 
a book on number theory which Guuss published in Latin їп 
1201. when he was 24 The boak, Disauisitimes Arilimelizar, Was 
translaced intr French and published in Faris in 1807 and 
received much attention |с wis recugnized ay the work of 
genius Gauss dedicaled 4 10 his pairean, the Duke ot Bninswick. 

Cianss was a distinguished scholar et classical languages as 
wel]. On entering college be wus ulready à masier of Latin, and 
his interest in philology precipitated a crisis іп lis carecer. 
Shaald ne tollaw the study of tanguapes or of machemacics? 1 he 
turmae puint was March 30, 1796. From hrs chary, we kiaw thal 
en ас day che young Ciauss decided definitely to specialize in 
mathematics. ln mathematics and statistics (where he is credited 
wilh the openuus теа of least squares fir finding a line ca 
Fit a daca seci he centrihucted ro many areas, hac he believed that 
number sheary was the beart of all of mathenutics. 

В whey did the world’s areatess mathematical genius never 
try to prove l'ermacs Lase Theorem? Gauss! friend Н. SW. М. 
Olbers wrote him a letter frum Всегцегь on March F. 1816, in 
which he reld Си thar the Paris Academy ottered a big prize 
for anyane who would present a proof ог ù disproot of Рети 
last Theurem. Gauss surely could usc the money. his friend 
sugecsecd. Ac thar time, as he did chraughnuc his machematical 
career, Gauss received financial support from the Duke of 
Brunswick, which vllowed him ıo do his mathemacival wark 
міс the need for adaitianal employment. ur he was tar 
frum rich. And, as Olbers suggested, nu utber гла егиу 
had nearly tus expertise cir ability. “It «coms mahe to me, dear 
Cwuss, chat you shouid get busy about this.” Se concluded. 
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But Gauss would not be tempted. Possibly he knew how 
deceptive Fermat's Last Theorem really was. The great genius 
in number theory may have been the only mathematician in 
Europe to realize just how difficult it would be to prove. Two 
weeks later, Gauss wrote to Olbers his opinion of Fermat's Last 
Theorem: "I am very much obliged for your news concerning 
the Paris prize. But | confess that Fermats Theorem as an iso- 
lated proposition has very little interest for me, because | 
could easily lay down a multitude of such propositions, which 
one could neither prove nor dispose of." Ironically, Gauss 
made great contributions to the branch of mathematics known 
as complex analysis—an area incorporating the imaginary 
numbers worked on by Euler. Imaginary numbers would have а 
decisive role in twentieth-century understanding of the con- 
text of Fermat's Last Theorem. 


Imaginary Numbers 
The complex number field is a field of numbers based on the 
usual real numbers, and what are called imaginary numbers, 
which were known to Euler. These numbers arose when math- 
ematicians were looking to define as a number the solution of 
an equation such as x? + 1 = 0. There is no "real" solution to 
this simple equation, because there is no real number which, 
when squared, gives -1—the number that when added to 1 
will give the answer zero. But if we could somehow define the 
square root of negative one as a number, then—while not a 
real number—it would be the solution to the equation. 

The number line was therefore extended to include imagi- 
nary numbers. These numbers are multiples of the square root 
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of -1, denoted by i. They were put on their own number line, 
perpendicular to the real number line. Together, these two 
axes give us the complex plane. The complex plane is shown 
below. It has many surprising properties, such as rotation 
being multiplication by i. 


Multiplication by i rotates counterclockwise. 


The complex plane is the smallest field of numbers that con- 
tains the solutions of all quadratic equations. It was found to 
be very useful, even in applications in engineering, fluid 
mechanics, and other areas. In 1811, decades ahead of his 
time, Gauss was studying the behavior of functions on the 
complex plane. He discovered some amazing properties of 
these functions, known as analytic functions. Gauss found that 
analytic functions had special smoothness, and they allowed 
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For particularly near calculacinns. Analytic functions preserved 
angles between lines and arcs un the plane—an aspece that 
woutd become sumfreset ii hc алаад ceun Seung дпа 
lytic tunctions, called modular terms, would prove crucial іп 
new approaches to che Fermat problem. 

ln his modest Gauss did nol! pubbyh these unpresseve 
resutes. He wrote at chem in a letrer ce his triend Triedrich 
Wilhelm Bessel 11784-15846]. Kaen che theory. reemerged 
without Gauss’ name aulached to it years later. ather marhe- 
mnaticians were given credie tor work on che same analytic 
funcuons Gauss uridecstood so well, 


Хоре (бегонія 

One day Gauss received a lener from a cerliin "Monsieur 
Leblanc.” Lehlane was fascinaced with Cause haak, liafaiationes 
Aritbswericoc. and sent Gauss some new resales in arichmeric the- 
шу. Through. the ensuing correspondence on mathemeaiical 
matters, Gauss ganed mich respecte tac Mr. Leblanc and his 
work. his appreciatian did not diminish when Gauss discov- 
eua tha, neler way his Currespondents real пане Тн nat 
was che writer of the letters а "Мг." The matlhcematic-an writing 
so eloquently to Gauss was опе of very few women active ir. the 
profession wt that time. Sophie Geenian 11726. 18313. Ir; fact, 
upon discovering the deception, Gauss wrope her: 


Buc how co descr.be to you my acmitation and astonishment a! 
хасна ту esteesned corespuaden: Мт E алх retinnionpliosc 
илме ince this illustrious personage who gives such a brittian- 
cxmnple nl wat | would tind dicficutc to believe. 


SA 
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(A letter from Gaus 10. Suphie Germain, written from 
Brunswick cu Gauss birlhclay, as staledin French ay the end of 
his lecter. “Beonsvic ce 30 avril 1307 jour de ma naissance.”) 

Sophie Germain assumed а mans name lo avoid Lhe preju- 
dicc againsl women sciencsts prevalent m those daws and Iri 
gain Clauss serinus ateention. She was one al the глос impar- 
tant mathematicians to attempt a proof uf Fennacs Lust Theo- 
rem, amd in make considerable headway on the. prahlem 
Sophie Germains Theorem, which pained her much recogni- 
uon, scales that if a solution of Fecriats equation with = 
exssted, then all three numbers had to he divisble hy 5. The 
theorem separated tenmar'’s Last Theorem into two cases: Case 
[ [or numbers noi divisibile by 5. and Case [] fos numbers that 
arc. The thearem was generalized ta осћег powers, and Saphic 
Germain gave a general theurem which altowed for a proof uf 
Fecal’ Lust Thegner for ull qur numbers, s, less chan 100 
in Clase |. This was an imparcant result. which reduced che 
possible cases where Fermats Last Theorem might [шї [or 
primes less chan 100 to only Case 1.1" 

Sophie Germain had to drop the disguise she was using 
when Gauss asked his friend "Leblanc" for a tuvor, In 1807, 
Napalean was occupying Cennany. The Trench were impos- 
ing war fines an the Germans. and were determining the 
amounts owed by each resideni based cn what they perceived 
each peran was worth As a prominent professar and 
astronomer at Gottingen, Gauss was desermined to owe 2,000 
franes—dar beyond bis eurns, A number of French mathe 
maticians wha were friends of rhe greac Gauss oHered their 
help, but he retused to take their muney. Gauss wanted some- 
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one to intercede on his behalf with the French General Per- 
nety in Hanover. 

He wrote his friend, Monsieur Leblanc, to ask if Leblanc 
might contact the French General on Gauss’ behalf. When 
Sophie Germain gladly complied, it became clear who she 
was. But Gauss was thrilled, as seen from his letter, and their 
correspondence continued and developed further on many 
mathematical topics. Unfortunately, the two never met. 
Sophie Germain died in Paris in 1831, before the University of 
Géttingen could award her the honorary doctorate which 
Gauss had recommended she receive. 

Sophie Germain had many other achievements to her credit 
in addition to her contributions to the solution of Fermat's Last 
Theorem. She was active in the mathematical theories of 
acoustics and elasticity, and other areas in applied and pure 
mathematics. In number theory, she also proved theorems on 
which prime numbers can lead to solvable equations. 


The Blazing Comet of 1811 

Gauss did much important work in astronomy, determining 
the orbits of planets. On August 22, 1811, he first observed a 
comet barely visible in the night sky. He was able to predict 
the comet's precise trajectory toward the sun. When the comet 
became clearly visible and blazed across the sky, the supersti- 
tious and oppressed peoples of Europe saw in it a sign from 
heaven signifying the coming demise of Napoleon. Gauss saw 
in the comet a realization of the orbit he had predicted for it 
to exact numerical accuracy. But the unscientific masses were 
also right—the next year Napoleon was defeated and 
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recreated trom Russia. Gauss was amused. He was not unhappy 
cu see the Emperor defeated alter French tures had caturted 
such high amounts гат, hun and his countrymen. 


Tee Disciple 
The Norwegian mathematician Niels | Теги Abel visited Paris 
in Occaher at 1826. There, he tricd to mece ocher machemati- 
Cians—l'aris was at that time a meetu lor matberiatics. One of 
the people who impressed Abel the mest was Peter Casscav 
Lejeane IDDizichlec (1805-1459), a Prussian who was alsa visit- 
ing Paris eeu gravitated toward the vourig Nocwejnan, a1 first 
thinking he was a tellaw Prussian. Abe. was much impressed by 
the tact that Dirichlet had proved Fermats Last l'heorem fur 
п=5. He wrote about il in а letter to а Сігаў, menuoning that 
Ims was aln dane hy Adtien-Maric Legendre (1752—1833*. 
Abel described legendre as extremely polite but very old. 
Legendre bad proved the Fermat result loca - 5 dependently 
of Dwichlct, lwo years aher mem. lInfaranatcly, chis was 
always happening to Legendre—much of his work was super- 
seded by that of souruser rriatbieraaticiams 

Danichiet was a Miena and disciple at Gauss. When Causs' 
great honk. che Disquisitiones Arilbaerticac, was published, it 
quickly went uuc ol prot. Even mathematicians whase wark 
was related са thac at Crauss could nat obcain a сору. And 
many who did. did noc understand the depth uf Сашу work. 
Dirichlet bac his own cupy. He cacied Uns сору of Gauss 
book with Ine: он hes many travels, <n Pans. Касас and else- 
whese an the Continent. Everywhere he went. Dirichlet slept 
wich the book under bis pillow. Causs book became known as 
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the book of the seven seals: The gitred Dirichlet is knawn as 
Uwe penn who broke the seven seuls. Dirichlet did moze than 
anyone else ca explain and ince pees tae book of his great inas 
ler to the cesc of the world. 

Besides мері упы and explaining she Diquisilionce, 1> well 
as proving 'emmar's last Theorem tor the power feve, Dirichlet 
did other great machematics. One inceresting result thar 
Dinchler proved was connected with the following progres- 
sion nt numbers: i, a + P, v + 2l, + Ab ge Ah... and su an, 
where lhe numbers a and b are inceyers that nave ro common 
divisar ocher than 1 (thal is, diey ate euzsbezs such gs 2 п) 3. 
oc 3 and 5; rather than numbers such as 2 aad 4, which have 
the common divisor 2, ur che numbers 6 and 9, which have the 
соттап dwisor 32, Danchtel proved thal this progression ul 
numbers concains intinesely maw prime numbers The amaz- 
ing element at Oirichlecs pront was thar he had cratted it 
uymg irs ured of mathernaucs which seemed in those cays to 
Бе very faz rm rumber сеу, where his problem nglufully 
belongs. In his proot, Derichlet used the deld called analysis, 
àn empuctaut dred of maltbetualics which contains the calcules. 
Analysis deals wich cantons things: funcugns gn д Conlin 
gum ut numbers an che zinc. which seems very tar Nom che 
discrete world of eseren and prime numbers—the realm of 
numher thearn. 

М would be a similar bridge across seemingly ditfexenc 
manches of euthematius shat would usher in che modern phi- 
lasaphy solving the Permai mystery in Gur own Ссі еу”. 
Dirichlet was a bold pioneer in this arca ot unifying disparate 
branches of mathernustics. The student later inherited ihr mas- 
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ters position. When Gauss died in 1855, Dirichlet lefs bus 
prestigious igh in Berlin ve accepi the honor. ot. replacing 
С ъл ac C.dctingcn. 


Магон» Malhergtivians 

The F:mperor ot the French loved mathematicians, even if he 
wasn't une himself. Two who were especially close to born wore 
Caspard Mempe (1715 18181 and Ioseph Tourier II 768—1830;. 
In 1798, Napoleon mok the twa mathematicians with him w 
Egypt, to help bim “civihze’ ihat ancient country 

Fourier was born in Auxerre. France, an March 21, 1768, 
but ac the age at eight ke was orphaned and was helped by the 
local Bishop to enter the imililare schaal Fyen at the age at 
twelve, Fourier shawed great promise and was writing sermons 
Inr church dipnitacies in J'aris. which they passed oif as their 
awn. lbe French Revoluuon of 1739 saved the young Fouacr 
from ife as a ресс. Instead he hecame а protessor at mathe- 
matics, and an enthusiastic suppurter of che revolution. When 
the revolution gave way lu (ле Terror, Fouricr was repulsed by 
ils Brutalagy. lic used his elaquence, developed over years ot 
writing sermons tor others, to preach vgamsi the excesses 
Fourier ilu used hus grevt publi speaking skills in teaching 
mallumatics at che hest schools in Paris. 

Fourier was interested in engineering applied madlieraotics. 
and physics. At the École Palywechnique, he ded sens research 
in chesc arcas, and many ot his papers were presented to the 
Academy. His reputation brought hiss lu Ше atlention af 
Napalcon, and m 1795 the Feapeni asked Fourier to accompany 
him. aboard his dagship. along wich the trench fleet of tive hun- 


ГЕВ "< LAST THEOREM 


«кеу ships bevded Гог Egypt. Fuurier was tu be part of che Legion 
af Culture. The (сн charge was Ur "endow the people uÍ 
Egypt wich all the bencfits at Lurapean civilization.’ Cilture was 
w be чолы io these people while they were being conquered 
by the магар amacha. In Egypt, the peo. cnotbverriaticiarts 
founded the Egyptian Inscizuze, and Fourier stayed chere until 
1862, when he returied to France and was made а pretect or che 
region armad Grenoble There he was responsible for mary 
good public works such zs draining marshlands and stamping гуле 
mana Vui all that work, Fourier, the mathematician-tumed- 
administracar. managed to find ume va co his bes: о Песоа) 
оюп. Kourters masterpiece was the mathematical theory г 
heal, answewny the unportarit question: How is heat eunduczed: 
This work won hir. a Grand Рале Inam the Асаф апу in 1812 
Рац ot his work was hased an experiments he had dane in che 
deserts of Euvpt during his years there. Some at his friends 
hetieved thal dese. experiments. inclucbog ригип bimseli 
through che incense beat chac developed -n alased woms, ean- 
Intuled to his early deata at the age ot 62. 

Fourier spent che last yvans of his life telling wles obus: 
Napoleon and his clase associacion with him, hath in Т.дурс 
and after Napoleuns escape trom Elbe. Fouriers research on 
heat, however was what nioitalzed cue, for he develuped 
an important theory ot periodic funerinns. А «cries at such 
periodie functions, when used in a particular way to езшш 
anather tinction, is called à Faunice Scrics, 
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Periodic Functions 

The clearest example of a periodic function is your watch. 
Minute by minute, the large hand moves around a circle, and 
after sixty minutes it comes back to the exact same place 
where it started. Then it continues and in exactly sixty minutes 
it again returns to the same spot. (Of course the little hand will 
have changed positions as the hours go by.) The minutes hand 
on a watch is a periodic function. Its period is exactly sixty 
minutes. In a sense, the space of all minutes of eternity—the 
set of infinitely many minutes from now until forever—can be 
wrapped by the big hand of a watch on the outer edge of the 
face of the watch: 


To take another example, on a locomotive speeding on the 
railroad track the arm transferring power from the engine to 
the wheel moves up and down along that wheel as it rotates. 
Every full circle of the wheel, the arm comes back to its origi- 
nal position—this arm, too, is periodical. The vertical height 
of the arm, when the radius of the train wheel is one unit, is 
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defined as the sine function. This is the elementary trigono- 
metric function taught at school. The cosine function is the 
horizontal measure of the arm. Both sine and cosine are func- 
tions of the angle the arm makes with a horizontal line 
through the center of the wheel. This is shown below. 


As the train moves forward, the vertical height of the arm 
traces a wave-pattern as seen above. This pattern is periodic. 
Its period is 360 degrees. First the arms height is zero, then it 
goes up in a wave-like fashion until it reaches one, then it 
decreases, then it goes to zero again, then to negative values 
until one, then its negative magnitude decreases to zero. Апа 
then the cycles starts all over again. 

What Fourier discovered was that most functions can be 
estimated to any degree of accuracy by the sum of many (the- 
oretically infinitely many, for near-perfect accuracy) sine and 
cosine functions. This is the famous result of the Fourier series. 
This expansion of any function in terms of the sum of many 
sine and cosine functions is useful in many applications of 
mathematics when the actual mathematical expression of 
interest is difficult to study but the sum of the sines and 
cosines, all multiplied by different factors, can be easily 
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manipulated and evaluated—and this is especially practical on 
и computer The area of rallies Кири as numeral 
analysis is concerned wath campacer mechads tor evaleacing 
lunctiuns and other numerical quartilies. Fourier analysis is i 
qubstaniual part af numeral analysis, and consis of Lech. 
niques tor scadving ditticult probients, many with no closed- 
Corte (that is, given by a simple mathematical expression! solu- 
cian, using che Fourier series ef репой function. Atter 
Fouriers pioneering work. expansions using other simple func- 
tons, mostly polvionmials (ial is. imcreasing powers uf a vari 
able: squares, cuhes, and хо on} were alsan developed. When 
your calculator computes the square rout ol а number, it as 
sing se hy an approxmarian hased an such а merhed. The 
fourier series o£ sines and casines is especially usetul in esri- 
mating phenomena thal are nalucally the suri of peciouic ele- 
nents for exairiple, music A musical piece may he decom 
posed inta 11 harmanics. The tides, the phases or che таап, 
and sun spots are examples ul simple periodic phenomena. 
Inle the аута af Foaricés pemoadie hinetians га 
nacural cfteces and computational methods ате of great impor- 
гипсе, che surprising fact is thart Fourier senes and analysis 
faund some aselul applicacions in pure mathematics, a field 
Һас was never one ot Fauriers main interests. In the twencieth 
century, Fourier series шша} a role m number theary as che 
iol fac Iranslanvirg mathematical clements tram ane area ca 
another in the wark al Сато Shimura. : The pruvl ot Shimura’ 
Lonieclure was ul the enix of proving Fermats Last Theron.) 
Pxcensians at che periodic huncrians nt Faurier to the camplex 
plane, linking togecher these two areas of mathematics. would 
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[еш to the discovery vl automorphic functions and тий Шаг 
torms—which also had a crucial imsaci on Fermats Tasi Thco. 
rem through che early xwentieth century work of anocher 
French mattiezmaticiun, Henri Poincaré. 


Я Lame Proof 

Arahe Mandi 1, 1947 meeting uf the Pacis Academy. the 
machematic:ay Cabrel Land (1799 18701 annaunecd very 
excitedly chat he had obtained a general proot ot l'ermats Last 
Theorem, Мин dien, only specific powers, м, were aulacked, 
and a prat had been given af the cheorem m dye cases u 3 4, 
5. 7. Lame suggested thar he had a general approach m the 
problem, which would work fur uny power н. Lamé’s method 
was са factor che lest side or Termat« сопак, x! à y anta 
linear faccnrs using camplex numbers. | amé chen went an ca 
state rnodestly that the glory should пос all go to him, since 
che meth he биркун was miroduced te him by Joseph 
Liouville (1809—1882. Hut Liouville took che nadim alter 
Lame und brushed aside anv prise Lame had not proved Fer- 
mats last Theorem, he quietly suned, because the foctonza: 
tion he suggested was not nique ichat is, there were many 
ways Lo сапу oul the tacturization. su chere was no salucian! 
lc was a gallane atten pt, «my of muy. but it did not bent Duit 
However, the idea ot Jactorizatinn, chat is, breaking dawn the 
equation lo a produce uf factors, was то be tried again. 


ldea! Numbers 


The peron 10 again try factorizatiun was Ernst Eduard Kum- 
mcr £18 10-18933---che man who gat close than onyonc cke in 


66 


AMIR |]. АМЛЕ! 


bis time to a general salurian at Fermats problem. Kummer, in 
fact, inverted an entire theory іп malberuiucs, che theory ОЁ 
ideal numbers. in attempting ca prove Formats E asc Theorem. 

Kxummers mother, а widow when her son was only three. 
worked hard to assine her boy а good educubon Ai the age ot 
cighreen he encered the Universicy af | Falle, in Germany, ta 
study theology and prepare himselt tor life in the church. An 
insightful professe vf та есес с with enhususta for alge- 
bra and number theory дої che young Kummer incerested 1n 
these areas, and be soun abandoned theuluiy tor machematics. 
In his third усаг as a student, the young Kummer solved a dif 
ficult problem in machematics tar which a prize had been 
vlfered. Fulluwing this success, he was awarded ù боссота!е in 
mathematics at che age of twenty -anc. 

But Kummer was unable to find a university pasition and 
therefore had to take a teaching job ar his old gymnasium 
thigh schanl He remained ә schoolteacher Fay anther len 
years. Througheac this period, Kummer did mach research, 
which he published and wrote in letters 10 several leading 
mathematiwians of bis bome His frends realized how sad it was 
to have such a pitted mathemarician spend his lite teaching 
ligh shoul math. With the help of some епипегц с2а hemati- 
cians, Kummer was given che pos cion af protessar ас the Uni- 
versity ot Breslau. A year larer, in 1855, Gauss died. Dirichlet 
had taken Gauss’ place at Cóttingen, leaving beband his vld 
jah ac the preshaious University af Rerin Kummer was chn- 
зеп 10 replace Dirichlet in Berlin. He remained in thar position 
uil his retirement 

Kummer warked nn a wide range of problems in mathemat- 
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zc. fanging tram very abstract w very applied. -even app hua: 
-ions ot mathematics in warlarc. Ber hc made his name tor his 
varise work on Fermacs Last Theyrem Ihe French mathe- 
macician Aueuscin-Lacis Cauchy (1789 1857: thought on а 
number of occasions thar he had found a gencral solucion to 
the Fenmót problem. But the restless, careless Cauchy realized 
из every attempl thar Ihe mobiler was mach bigger than he 
had aswinied. The fields of numbers he was working welt 
ulways failed co have the property he required. Cauchy lett che 
problem and went I work on сет things. 

Kummer became absessed wich Tennats Last Theorem, aad 
hus atterapts ac а solution led him down che same tutile track 
сакс hy Cauchy Rut insiead af ging up hope when he recog- 
nized that the number felds involved ileg to have seme prop- 
сцу he instead sume new numbers tha: would have the prop- 
сау he тед ый These oumbers he culled “ideal numbers.” 
Kummer thus developed an entirely new theory from сга, 
which tie used in his attempts co prove Fermars Last Thearem. 
Ал eme рат, Kummer thought lie finally had a peneral prouf, 
kut this unfortunately tell short of whac was nccacd. 

Nonetbeless. Kummer die achieve tremendous gains in his 
attack en the Екипа рах His work with ideal пигарег 
enabled him co prove Termar's Last Theorem tor a very exten- 
sive class of prime numbers as che exponent u. Chus, he was 
able 1o prove that Fermats Last Theorem was true fur an sañ- 
nite aumber nf cvpanents namely chase thay an disi v by 
‘regular’ primes. The "irregular" priesc numbers cluded him. 
The only тесны аг prunes Jess than. ПИС are 37, 59, und 67. 
Kummer then worked separately on the peoblem al these 
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irregular prime numbers and was eventually able ta prove Fes- 
mats theurem tor these numbers. By the 1850s, using Kum- 
шег» incredible tnevkihwougly. Formats Fast Theater was 
knawn to he truc tor all cxpanents less than a = (C, as weli as 
intinitely many multiples of prime numbers in this range. Chis 
wus quile are achievement, even if t was not à acneral praat 
and still lett out inftnitely many numbers far which ix was not 
known whether the theorem held true. 

[n 1814, the French Academy of Sciences atfered а onze to 
anyone who woud prove Fermat's Last Theorem. ln 1850 che 
Academy apain ollered ù gold eecdal aod 3.000 (raucs to she 
етанол who мача prove Termazs Fasc Thenrem. ln 
1836, the Academy decided to withdraw che award, since it 
dida seem like à solution to Ferret's problem was imminent 
Instead. che. Academy decided ta give che award to Ernst 
Tderard Kummer, "tor his beautital researches on the complex 
numbers composed ot routs of umty and integers.” Thus Киш. 
лил was awarded a preen Cae which he never even applicd. 

Kuramer concinacd his cireless ettorts on Fermarcs Lase The- 
өтет, stopping his reseurch only in 1674 Китте ulse ded 
Гиссар work e che geometry of teur-dimensional space 
Some ot his results are useki in the Held uf modern physics 
помп as quantum mechanics Киште: died of the Ibu m his 
eighlics, in 1893. 

Kummers success with ideal numbers is even more highly 
Paised oy matbectat;cioris Шап the actual advances he rade m 
the solution af Formats prahlem using these numbers. The tact 
that this notable theory was inspired by attempts to solve Fer- 
mac's Last Theorem shows low new (сеп caa be develaped 
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by attempts to solve particular prublems. In tact, Kummer’ the- 
Ory al weal Т led li what gn Hw kanwe us "ideals." 
which have had an impact on the work ot Wiles and ether 
mathertatxiaos on Реги sheorem in the twentielts century. 


Another Prize 

[n 1963, the Waolfskelil Prize of one hundred thousand caurks 
was oered пу Germany tor anyone who would come up with 
a general provi of Fermats Last l'heorem. Jn the first yeas ot 
the prize, 62€ solutions” were subunmed. All ef thini vec 
tound to he tale. In the following years, thnasands more 
solutions” were submitted, with the same eflect. In the 19205. 
German hyperinflation reduced the real value o? the 100 000 
marks tp noching. But false proats of Fermars Lase l'heorem 
€outinued ly pour in. 


Uromelg’ рор Бей 

New ¢levelipmenls started waking place m mathematics in the 
nineteenth cencury. lanos Bnlyai (1802-18700 and Niclas 
[Ivanovich Lubuchessky (1792-16563, 2 Hungarian ord a Russ: 
ian respectively changed the lace or geomcury Ay dang away 
with Euclid axiom thar тко parallel lines never meet, these rwo 
were able. independently wo formulate а geurueuicul universe 
which maintained many at Tuclids properties but allowed wo 
parallel lines со meer at a point at infinity. A diferent geometry 
can bi: wen. for example. он a sphere such as the plot | orally. 
two fongicude lines arc parallel. Вис in reality, as they are ful 

luwed to the North Pole. the two lines meet there. New қепте- 
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tries solve many problems and explain situations which, until 
that time, seemed mysterious and without a solution. 


Beauty and Tragedy = 

Abstract algebra, a feld derived from the familiar algebra 
taught in school as a system for solving equations, was devel- 
oped in the nineteenth century. In this area, the beautiful the- 
ory of Galois stands out. 

Evariste Galois was born in 1811 in the small village of 
Bourg-la-Reine, outside Paris. His father was the mayor of the 
town and a staunch republican. Young Evariste grew up on the 
ideals of democracy and freedom. Unfortunately, most of 
France was at that time heading in the opposite direction. The 
French Revolution had come and gone, and so had Napoleon. 
But the dreams of freedom, equality, and fraternity had not yet 
been achieved. And the royalists were enjoying a comeback in 
France, with a Bourbon once again crowned King of the 
French—now to rule together with the people's representatives. 
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Évariste* lile was steeped in the [ойу ideals at the revolu- 
поп. He was а pwod ideologue. and he wave sume moving 
speeches ta the republicans. As a тагоб, or thas sher 
hanc, he was a genius nl unparalleled ahility. As a teenager, 
Culuis vbsorbed the entire theunes vf algebra anu equations 
known t9 accornplished mathenmaticians vf his day, and—while 
still a schoolhey—dcevc'opcc his awn complete system, known 
cuday as Calois Jheuarv. Untartunazely, he was not co enioy 
ony илишип in lis tragaeally shon hie. Gulvis stayed up 
nights at his hoarding school, while everyone else «еле, and 
wrote down bis theory. He sent it co the head of the Hench 
Acaderry of Science the mathemulicivn Caccbs---hopiry 
chat Cauchy would help him publish the cheery But Canchy 
was nul only very busy, he was alw arroyant and careless. And 
Galois’ brillant manusenpt ended up :0 ә trash can. unread. 

Galois tried again, with che same resale. In the meantime, he 
tailed to pass the entry exams to the École Polytechnique, 
whee most ob the celebrated mathematicians of France got 
their training. Galais had а habit at always working things out 
in his head. He never спок nates or wrote things down ancil ac 
hod actual cesulis. This method concentrated on ideas rather 
than decal Young arise had cle pat-ence far or ence nes. in 
the desails. lc was the grear idea, the heaug of che larger the- 
ory, that interested him. Cunseguenily, Galois was not at his 
best when taking an éxonmnetion m font of u blackbuard. And 
this is what caused him to tail twice m his attempts co gain 
entrance lo the school of his dreams. Jwice in tront of the 
hlack boan] Ise did "cel perle well wriling Inge «down, and 
he рої irritated when asked tor details he just didn't consider 
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imponant [was a tragedy chat an inenedibly intelligent young 
person wnold be questioned by much less able examiners who 
could not understand his deep ideas and rook ns selucianoc 10 
give trivial deris tar ignorance. When hc realized he was 
gning to tail che second and last permissible atrempt, and that 
che gates af che school would be closed to him forever, Guluis 
threw the blackboand eraser zo the faoc al his exammer 

Саглы had са make do with a secnnd-best choice, the Ecole 
Normale. Вис even chere ^e did not fare wei. Galois lather, ihe 
mayor oi Bourg lò Reni, was Ie target at clerical intrigues in 
the crown. An unscrupulous priest circulated parnopraphic 
verses, signing them with the mayors name Momhs ot such 
perseculipn cased Calais’ father ta lose his confideace and he 
became convinced that che world was auc to pet him. Slowly 
losing touch wich reality, Зе went to Pans. There, үп an apart- 
ment not Jar from where his son was studving, the father killed 
himself, The young Galois never recovered trom this tragedy. 
Ohsessed with the lost cause of the 1830 sevolutivn, oral Dus- 
tinned with she school direclor, whom he considered an apola- 
gist for che royalisrs and clesics, Galois wrote a scathing letter 
criticizing the director. He was inspired lo Uv sri after Une 
days of rioting in the streets, when students all over Paris were 
reveling against che regime. Calais and his classmates were 
kept locked in their school, unable to scale the wall fence. The 
angry Galois sent his blistering letler crucrzing thy school 
direciar to the Gazeli de Evin. As а result, he was expelled 
hom che schaal Ber Galois was undaunted—he wrote 2 second 
letler to the Gazelle, and uJJresseel the students ot Ihe schril ta 
speak up Jor honor and conscience. | le got no response. 
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Oui af seha) Galois sweted olfering private lessens in 
mazhematics. tle wanted ca teach his own mathemaucal iben 
ries. outside che French schools. when he was all of ninciecr 
years cd Rut Galois could пш find scudenis co leaca—his 
theories were con advanced, he was tar ahead of his timc. 

Facing an uncertain future and doomed noc to be able s pur- 
«zc a denen! education, in desperation Calvis wired the artillery 
branch of the l'rench National Guard. Among the Natianal 
Guard, beaded in its past by Lafayette, these were many liberal 
elemeng clrac to young Сао political philosoptiy. While in 
the Guará, Galois made one last atoempc m publish his mathe- 
metic, желк He wrote à paper on the general salubon of egua- 
tinns—coday recagnized as the езин Galvis Theory -a 
vent ic to Saméen-Denis Poisson (1781-1840) at the French 
Academy ol Sciences. Poisson read the paper bat determined 
thar it was “incomprchensible * Onee again, the mineleen year: 
old was su far ahead ot any ot the alder trench mathematicians 
af es day that his elegant new teures weol way uver (лег 
heads. At Һас minmenc, Calais decided са abandun aachemalics 
and lo becume a full-time revolutionary. He said shat it a hady 
was needed из ger the people mvulved with the evolution. he 
would donate his. 

On Мау 9, 1831, owo hundred young republicans held a 
hanquet in which they prnested against the royal under dis 
handing the artillery of the Narinnal Cacard. Toasts were 
ceed tu the French Revolution and its heroes, as wei as 10 
the new revalution of 1830 Galois мод up and proposed a 
toast. He said "Io Louis Philippe." the Duke of Orléans. whe 
was now King of the French. While saving this. bolding up his 
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glass, Calais was also hoiding up an open pocket-knile in his 
ether kand. his was ancerpreted as а threat on the lile of ihe 
Kong. amd roused à soy. Thi: eit day Galas was arrested. 

In his trial tor threacening the iie of the King, £aa:ois. atrur- 
ney claimed that Galois ^ad actuully said, while слоте ms 
kinfe, "То Lows Philippe, of be becomes a trairar.” Same or 
Galois’ avcillery triends who were presenc cestified to this. and 
the jury tound hin nut үл у, Galois retieved Ins kinle fram 
the evidenor table, closed it and put it in his pocket. and ict 
the courtroom: a tree тап. Bur he was nut тее for very Jung. А 
month later be wis arrested as u dangerous icpublicar, and 
kept an sail withauea charge while che authoricies lanked зага 
charge againsc him thee would scick. They finally found ene— 
wearing the umlonn of the disbonded artillery Cialrns was 
ined hor this.chargc and sentenced cn six months in Jail. The 
royaltscs were-pleased to finally ощ away ù bwenly-yrar-old 
they considered ip be n dangerous enemy ol che regime. 
Galas was paroled alter some time and was moved to a 
halbvay <acility. What happened next wy open 0 Quesuan 
While on parole, Galois met a yomg woman and Fell in love. 
Same delieve he was sec up by his royalist enemies who 
wanted to put an end to his revolutignaty ac lrv tırs ance and 
foc all ^t any rate, the woman with wham he gat involved 
was et questianable virtue (rare zoaucte de has or’. As soon is 
the two became lovers. а rovahsi came tri ‘save her honor and 
challenged Galos ha à duel Tae young mathemazician was 
letz na way out of the mess. He cried everthing he could lu 
talk tne шыг. vut uf the duel. but 1o no avail. 

The night heforc the diel, Calais wrnte several letters. 
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These letters to his friends lend support to the theory that he 
was framed by the royalists. He wrote that he was challenged 
by two of the royalists and that they had put him on his honor 
not to tell his republican friends about the duel. “I die the vic- 
tim of an infamous coquette. It is in a miserable brawl that my 
life is extinguished. Oh, why die for so trivial a thing, why die 
for something so despicable!” But most of that last night before 
the duel, Calois carefully put down on paper his entire mathe- 
matical theory, and sent it to his friend Auguste Chevalier. At 
dawn on May 30, 1832, Calois faced his challenger on a 
deserted field. He was shot in the stomach and left lying in 
agony alone in the field. No one bothered to call а doctor. 
Finally a peasant found him and brought him to the hospital, 
where he died the next morning. He was twenty years old. In 
1846, the mathematician Joseph Liouville edited and pub- 
lished Galois' elegant mathematical theory in a journal. Galois’ 
theory would supply the crucial step in the method used a cen- 
tury and a half later in attacking Fermat's Last Theorem. 


Another Victim 

Cauchy's carelessness and arrogance ruined the life of at least one 
other brilliant mathematician. Niels Henrik Abel (1802—1829) 
was the son of the pastor of the village of Findó in Norway. 
When he was sixteen, a teacher encouraged Abel to read 
Gauss' famous book, the Disquisitiones. Abel was even successful 
in filling in some gaps in the proofs of some of the theorems. 
But two years later, his father died and young Abel had to 
postpone his study of mathematics and concentrate his efforts 
on supporting the family. [n spite of the great difficulties he 
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faved. Abel пшгпшше 10 connue sume study of сезет 
and mace a remarkahle machematcival discovery zc the аас nt 
ninereen. He published a paper in 1424 in which he proved 
that no solution was possible fur eiruatiors ac Ue fifth degree 
Ahel had thurs salved onc of che most celebrated prohlems ot 
his day. Yet the gitted young mathematician had still not been 
о ее. lenc positum. whin he badly ngidid tà sug 
nort his Family, and «n hc sent his work to Cauchy far evalua- 
Lion and pussible publication and recognition. The paper Abel 
мли Cauchy was of curaeiehmary penser and genera*ty. Put 
Cauchy lost ir. Wher ic appeated in princ, years lacer, it was 
much соо date to help Abel. In 1829 Abe! died born tuberculo- 
s, Aronght on by poverty and che strain at eappoerting his 
family in dire circumstances. Two days ateer his death, a letter 
anived addressed to Abel informing him he hud Leen 
appamtred paler 31 che Cniversivy al Merlin. 

The concept of an Abelian Group ‘now considered а word 
and written with a small ^а беја) is very important in reod- 
ern algebra and is acnrcial elemenr in the modern treatment ot 
the Fermat problem. Ап abelian group is one where the order 
of acethieiralicol vperativris eun be veised without alerting 
the autcame Ап abelian variecy is an ever mare abszract alge- 
braic entity, end its use was alo imporiunt in rüodern 
appiog ches tu Un sounna ol Fermal’s Last Theorem. 


Бейка s Ideale 

The legacy. ul Curl Friedrich Gauss continued through 1e 
centuries. Опе ef Саи mose notable mathematica: succes- 
sors was Richard Dedekind (2431-39161. born in the sume 
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town as the great master, in Brunswick, Germany. Unlike 
Gauss, however, as a child Dedekind showed no great interest 
in or capacity for mathematics. He was more interested in 
physics and chemistry, and saw mathematics as a servant to 
the sciences. But at the age of seventeen, Dedekind entered 
the same school where the great Gauss got his mathematical 
training—Caroline College—and there his future changed. 
Dedekind became interested in mathematics and he pursued 
that interest in Góttingen, where Gauss was teaching. Їп 1852, 
at the age of 21, Richard Dedekind received his doctorate 
from Gauss. The master found his pupils dissertation on the 
calculus "completely satisfying." This was not such a great 
compliment, and in fact Dedekind's genius had not yet begun 
to manifest itself. 

In 1854, Dedekind was appointed a lecturer in Göttingen. 
When Gauss died in 1855 and Dirichlet moved from Berlin to 
take his position, Dedekind attended all of Dirichlets lectures at 
Göttingen and edited the latter's pioneering treatise on number 
theory, adding a supplement based on his own work. This sup- 
plement contained an outline of the theory Dedekind devel- 
oped for algebraic numbers, which are defined as solutions of 
algebraic equations. They contain multiples of square roots of 
numbers along with rational numbers. Algebraic number fields 
are very important in the study of Fermat's equation, as they 
arise from the solution of various kinds of equations. Dedekind 
thus developed a significant area within number theory. 

Dedekind's greatest contribution to the modern approach 
to Fermat's last Theorem was his development of the theory 
of ideals, abstractions of Kummer's ideal numbers. A century 
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ater their development by Dedckind, iceals would inspire 
Barry Mazur, and Mazurs own work would be exploited by 
Andrew Wiles 

In the 1857-8 academic усаг, Richard Dedekind gave the 
first mathematics course un Galos theory. Dedehinel’s мафег- 
slanding of mathematics wos very abstract, and he elevated the 
theory at groupe ta the modern level at which it is understood 
and taughe cuday. Abstraction made the twenieta-cenc ary 
арр! Ip Fermat's poblen т Уг: Так around. 
breaking course on che theartes developed by Calo:s was a 
great step to this direction. The course was attended by awa 
students, 

Then Dedckind's carcer emk а strange cern. Не lett Göttin- 
gen Юг a postciun ın Züricb, and after live years, in 1862. be 
cctuiaed ie Brunswick, where he taught 21 a high school cor 
Aly уп. № dine has heen able to expiain why a brilliant 
mathematician who brought algebra со an incredibly high 
tevel of abstraction and generality suddenly left anre ог the 
most Prestigious postcians at any Euranean university to teach 
ar an unknown high school. Dedekind never murre and lived 
lyr гыту уез wh his sister. 11e died ит 1916, anc main: 
ained a sharp, active mind са his last day. 


Fin dt Siue 

Аз ‚ңе sem of Ike mueloenth century, there lived ın Prance 2 
machematician ot great abilicy ın а surprisingly wide variety ot 
areas. The breadth of knowledge ot Henri Роілсоте (0324-1912; 
extended beyond mahemahes Ге 1902 and later, when he was 
already a renowned marchemacician. Poincaré wrore popular 
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books on mathematics. These paperbacks, read by people of all 
ages, were a common sight in the cafés and the parks of Paris. 

Poincaré was born to a family of great achievers. His 
cousin, Raymond Poincaré, rose to be the president of France 
during the First World War. Other family members held gov- 
ernment and public service positions in France as well. 

From a young age, Henri displayed a powerful memory. He 
could recite from any page of a book he read. His absentmind- 
edness, however, was legendary. A Finnish mathematician once 
came all the way to Paris to meet with Poincaré and discuss 
some mathematical problems. The visitor was kept waiting for 
three hours outside Poincarés study while the absentminded 
mathematician paced back and forth—as was his habit through- 
out his working life. Finally, Poincaré popped his head into the 
waiting room and exclaimed: "Sir, you are disturbing me!" upon 
which the visitor summarily left, never to be seen in Paris again. 

Poincarés brilliance was recognized when he was in ele- 
mentary school. But since he was such a universalist—a renais- 
sance man in the making—his special aptitude for mathemat- 
ics did not yet manifest itself. He distinguished himself with 
his excellence in writing at an early age. А teacher who recog- 
nized and encouraged his ability treasured his school papers. 
At some point, however, the concerned teacher had to caution 
the young genius: “Don't do so well, please...try to be more 
ordinary." The teacher had good reason to make this sugges- 
tion. Apparently, French educators had learned something 
from the misfortunes of Galois half a century earlier—teachers 
found that gifted students often failed at the hands of unin- 
spired examiners. His teacher was genuinely worried that 
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Puis was so brilliant tbat he ти М foil threise exams. Asa 
child, Poincaré was already ahseneminded. | le atten skinned 
meals because he forgot whether er not he had eaten. 

Yo aig Poincar wus interested in ilie classics ancl he leame 
c write well. As а teenager he became intcresoed in mathe- 
matics and immediately excelled in it. He would work out 
ШЕШШ enlirely wm his head while pacing : а (uam Ihe: sit 
deren and wrie everything very hastily. En chis he resembled 
Galvis and Euler. W ben Poincaré finally took Ens exams, бе 
almost Fated in math, as his elementary gehaal teacher had 
reared years еапіст. But he did pass. only hecause—at seven- 
leen—his renown as à Tnalbertaciciari was so eos thas, the 
ixamincrs didn't dare tail him ‘Any student ocher than Pain- 
caré would have been given a failing grade," che chiez exam- 
iner declared us he passed the studeni who went on to the 
École T'olycechpiuue and became the лкк French mathe 
табса" of ais zime. 

l'aincaré wrote scores of books un mathematics, mathemati- 
vul physics, astronarnie, and popular scie nee. Fe wrate research 
papers at ove: five hundred pages оп new mathematical epics 
he developed. He made major contubulivns la ороону. the 
trea started by Басе Tlowever, Paincarés results were sa 
important that this branch. ot mathemarcics is considered to 
have тшу been launched only іп 1895, with che public uot of 
Poincaré. Analysis Silas, Topology thy study me shapes and 
surfaces and continuous Rrncrians—was important in under- 
standing Fermat's prublem in the late twentieth century Bul 
«ven rore essei tu the modera approach to Fermats Last 
Thearan was anather area pioncered by Henri Poincaré. 
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Modular Forms 

Poincaré studied periodic functions, such as the sines and 
cosines of Fourier—not on the number line as Fourier had 
done, but in the complex plane. The sine function, sin x, is the 
vertical height on a circle with radius 1 when the angle is x. 
This function is periodic: it repeats itself over and over every 
time the angle completes a multiple of its period, 360 degrees. 
This periodicity is a symmetry. Poincaré examined the com- 
plex plane, which contains real numbers on the horizontal axis 
and imaginary ones on the vertical one as shown below. 


Here, a periodic function could be conceived as having a period- 
icity both along the real axis and along the imaginary axis. Poin- 
caré went even further and posited the existence of functions 
with a wider array of symmetries. These were functions that 
remained unchanged when the complex variable z was changed 
according to f(z) ———C-»f(az4b/cz44). Here the elements a, b, c, 
d, arranged as a matrix, formed an algebraic group. This means 
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that there are infinitely many possible variations. They all 
commute with each other and the function / is invariant under 
this group of transformations, Poincaré called such weird func- 
tions automorphic forms. 

The automorphic forms were very, very strange creatures 
since they satisfied many internal symmetries. Poincaré wasn't 
quite sure they existed. Actually, Poincaré described his research 
as follows. He said that for fifteen days he would wake up in the 
morning and sit at his desk for a couple of hours trying to con- 
vince himself that the automorphic forms he invented couldnt 
possibly exist. On the fifteenth day, he realized that he was 
wrong. These strange functions, hard to imagine visually, did 
exist. Poincaré extended them to even more complicated func- 
tions, called modular forms. The modular forms live on the upper 
half of the complex plane, and they have a hyperbolic geometry. 
That is, they live in a strange space where the non-Euclidean 
geometry of Bolyai and Lobachevsky rules. Through any point 
in this half-plane, many "lines" parallel to any given line exist. 


Ba 
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The very strange modular forms arc symmetrie. in many ways 
whan ns space. The sviimetuzies are obtained by adding a 
number to the function, and invening i as Lz. The tiling of the 
cumplex half-plane using these symmetries is shawn below. 


Poincaré [cft behind the symmetric aulumerpliic lores and 
iheic even more inteicace modular Forms and went an ta do 
acher mahema. He was busy in so many fields, oten іл а 
few ot them ac once, thar he had no time tei si пк] ролів: the 
beauty of hardly imaginable, infiniocly «y mmctric entities. Вис 
unhekeowit ta him, he bud gust suwed another seed in the 
garden thar would eventually bring about rhe Fermat solution. 
Ан Linexpected Cortcercicns with < Dongha : 
tn 1922, the American mathemacician leis 1. Mardell discov- 
ered what he though: was a very scrange connection between 
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the solutions or alachraic. ecquactions and topology. The elc- 
теп of topology are surfaces and spaces. [hese surfaces 
could be 1 urny «ает: іо: iwo climensigny, such as ibre figures 
im ancient Creek peamecry, nr they could be in three-dimen- 
sional space, от more. lapology is a study of continuous func- 
livres thal oct on these spaces, and the properties af the spaces 
them «c ves. Fhe part of mpolagy which cancerned Modell 
was the one ot surfaces in three-dimensiona: space. A siueiple 
exaniple af such а surface is à sphere: it is the surtacc nf a hall. 
suen as a baskerball. The ball is three-dimensional, bus ics sur- 
face iassuzsipg oo Цера) is a two-dimensional object The 
surface al che earch is arocher example The earch irselt ts 
tarce dimersionzl: any place on the earth or inside it can be 
given by ils longitude fone slissemsion) ity Jaitude (a secemel 
dimengian), and its depech itae third dimension}. But the sur- 
lace ot che earch (no depth) is two-dimensional, since uny 
point on tlie RIDES ul the earth can he specified by twa nrm- 
hers: its longitude and its latitude. 

‘Hwo-dimensional surlaces iri Uiree-climensignal space can 
be classified! securding ro the genus. The gerus is the numher 
nt holes in che sertace The venus ot a sphere is zero since 
there are nu holes in it. A doughine hos one gue m »i. There 
Fene the genus of a doughnut (mathe matically caked а vanis] is 
onc. A hole means a noie that runs completely chruugh the 
surface. A cup with two handles hos two holes (аас ıt. 
Therefore uss a surface ab genas own. 

А surtace of опе gerus can be cranstormed by а continuous 
Function mu апо ет suface of ie same gcnus. The апу way 
L9 transform a «urface ot one genus са onc af a dilterent genus 
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is by closing or opening some holes. This cannot be done by a 
continuous function, since it will require some ripping or fus- 
ing together, each of which is a mathematical discontinuity. 


Mordell discovered a strange and totally unexpected connec- 


tion between the number of holes in the surface (the genus) of 
the space of solutions of an equation and whether or not the 
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equation had a ieme miner or an inünite number ul sulu- 
tions. IF the surracc al solutions, osa complex numbers for 
greatest gereculity, had two or more hales (chat is, had genus 
two or higher) then she equaivo hud only tinitely many 
whule-namber solutions. Mordell was inahle to prove his dis 
covery, and it became known as Mordells caniccture. 
їч Pou) 
In 1983, à twenty-seven year old Cerman marhematician, 
Cend Faltings. at that time at the University of Wuppertal, was 
able to prave che Mordell caniecerc. Falcings was eot micr. 
estel 23. Елп Lan 1beorem, considering it an :solaced 
problem in number лгу. Yeu bis poul. which used great 
ingenuity along with che powerhrl machinery of algebraic 
вессетгу develuped іп this century, had pratmund implica 
lins for she мои» uf Репта Lust Vheurem. Because the 
genus at the Fennat canatior tor к greater Ihan 3 was 2 vr 
more, п became саг chat il meger solutions to che Fennac 
equation existed ar all. thea these were nite zwhich was com- 
torting, since their number was now limited) Soon айт» н, 
two inahemationos, Granville and Heach-lirown, used l'ale- 
Ings’ resull Ip Shew that die number of solugons of Fermats 
equacian. it they existed, decreased as the exponent a 
increased. Lt was shown that the proportion ot exponents dar 
which Fezinat’s Last Theorem was true approached опе hun- 
dred percent as e increased. 

ln uther words. Fermats Last Thearee was "almost always" 
мак 17 soluninns to Кепте» equation. existed tin which case 
the Theorem was not tre? then such solutzons were tew and 
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very far between. So the status of Fermats Last Theorem in 
1983 was the following. The theorem was proven for n up to a 
million (and in 1992 the limit was raised to 4 million). In addi- 
tion, for larger n, if solutions existed at all then they were very 
few and decreasing with и. 


The Mysterious Greek General with the Funny Name 

There are dozens of excellent books on mathematics pub- 
lished in France, written in French, with the author listed as 
Nicolas Bourbaki. There was a Greek general named Bourbaki 
(1816—1897). In 1862 Bourbaki was offered the throne of 
Greece, which he declined. The general had an important role 
in the Franco-Prussian war, and there is a statue of him in the 
French city of Nancy. But General Bourbaki knew nothing 
about mathematics. And he never wrote a book, about mathe- 
matics or anything else. Who wrote the many volumes of 
mathematics bearing his name? 

The answer lies in the happy days in Paris of between the 
two World Wars. Hemingway, Picasso and Matisse were not 
the only people who liked to sit in cafés and meet their friends 
and see people and be seen. At that time, around the same 
‘cafés on the Left Bank by the University of Paris, there flour- 
ished a vibrant mathematical community. Professors of mathe- 
matics from the university also liked to meet their friends, 
drink a café au lait or a pastis in a good brasserie on the Boule- 
vard St. Michel by the beautiful Luxembourg Gardens, and 
discuss . . . mathematics. Springtime in Paris inspired writers, 
artists, and mathematicians. One imagines that on a sunny day 
at a pleasant café a rowdy group of mathematicians congrc- 
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paled Feelings ed fraterne сует ame бст as ghey argued am 
mated! v aver sonic finc points of a cherry. Their revelry praha- 
bly disiuraed Hemingway, who writes he clwavs liked to work 
by himself 11 a café. and he probaly lett te ga te anc uar ing 
21сегпасе, less јаматісе hannes. Bur the mathematicians didnt 
vare. They valued each olkezs company, and a calé lull of 
mathematicians all speaking гае same langirage at numbers 
anc symbols and spaces and hinctions—was intoxicacing. 
‘This is what die Tyihagoreans rust. bave felt when they 
talked mathe macies,” perhaps ane at the scniar people in the 
group said, as he lifted his glass in a coast. “Yes. but they didat 
chink Period." said асли and everyone laughed. "Tui we 
could be like them,” answered the frsc. "hy don't we tarm 
our own уоціесут A secret une, naturally. Chere were vuices ot 
млела ul) «отип Someone suggesucd. they borse the 
name nt ald General Bourbaki. There was a reason гот this sug- 
gestion. In those dass. the mathematics deparbiment at Ue 
Mniserity di Paris had an annual tradition ot inviring a profes- 
sianal actor who presented himself to the assembled faculey 
and graduate students às Nicolas Bourbaki He мои then do 
aac man show consisting of a long monologue ot mathceear- 
ical Couble-talk. Such presencations were very entertaining 
since the richness of odern mathematical Urey makes fur a 
vau vocabulary that is loch descriptive at auarhematics and 
has citerent meanings in everyday lite. (One such word is 
"dense ^ The rauongl umes are said ty be dense pith we 
real aumhers This means that wichin any neighharhaad of 
rational numbers ате irrational numbers. Bul “dense mean 
many other things m everyday life. 
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Graduate students today like to play the same games of dou- 
ble meaning, and they like to tell the story of beautiful Poly 
Nomial who meets the smooth operator Curly Pi (polynomial, 
smooth operator, and curly pi are all mathematical terms). 

And so the books these mathematicians wrote together 
bore the name Nicolas Bourbaki. A Bourbaki Seminar was ini- 
tiated, where mathematical ideas and theories were discussed 
not infrequently. Membership in the society was supposed to 
be anonvmous, and mathematical results were to be credited 
to the society in the name of Bourbaki, rather than to individ- 
ual members. 

But the members of Bourbaki were not the Pythagoreans. 
While the author of the textbooks was Nicolas Bourbaki, 
research results such as theorems and their proofs—which are 
far more prestigious than books—were credited to the individ- 
ual mathematicians who achieved the results. One of the first 
members of Bourbaki was André Weil (1906— ), who later 
moved to the United States and the Institute of Advanced 
Study at Princeton. His name would never be too far away 
from the important conjecture leading to the solution of the 
Fermat problem. 

Another of the founders of Bourbaki was the French mathe- 
matician Jean Dieudonné, who like most of the other "French 
only" members of the society moved on to greener pastures at 
the universities in the United States. Dieudonné, who was the 
principal author of many of the books bearing the collective 
name of Nicolas Bourbaki, epitomizes the clash between the 
Bourbakites' quest for individual anonymity and their individ- 
ual egos. Dieudonné once published a paper bearing the name 
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at Bourhalu. The paper was four (a contain an error and so 
Dieudonné published a note citled: "On an Error of N. Hrr- 
baki,” anu signed uf Dieudonné.!! 

The schizophrenic nature of the sacietv—its members 
were all French, but most of chem lived in the Linited 
Stiles — ramíests itselt in Ma. Bourbakis affiliation: Usually, 
nublicacions at Nicolas Beurhaki lise his atfiliacion as ‘the 
University of Nancagu,' a fusion of the name of the French 
city of Nancy with chat of Chicago Buy Bourbaki publishes 
only in French, and when its members meet, usually at a 
French :exort rly, the conversations are aot only in Frencli, 
they are in thc dialect of the Parisran stuacnts. The chauvin- 
ism carries into the separate lives ut these French mathe- 
walicians [imag in America. Аий Weil a [омин Bour- 
hakite. published many important papers in Fnglish. Burc his 
Cloilecred ‘Works, which had same bearing on che conjeccure 
related to the Fermat problem, was published i Каке and 
titled Cere; Weil's unusual actions would hurt one of the 
principal players in our drama, and Weil would по recover 
rrr this debar le. 

The members af Bourhaki muse hc given credit for their col- 
lective sense uf humor. Some forty years ago, the American 
Mathematical босу received an applicauan for mdwidual 
membership tram Myr. Nicolas ourbaki. The secretary ot che 
Suciely was imperurbable. He replied iba if Mr. Bourbaki 
wanted ca jain the Secwely he would have t» apply as an insti- 
lutional member (which was much more expensive}. Bourbaki 
did nen write buck. . 


91 


FERMAT'S LAST THEOREM 


Elliptic Curves 

Diophantine problems—that is, problems raised by equations 
of the form given by Diophantus in the third century—began 
to be studied more and more in the twentieth century using 
mathematical entities called elliptic curves. But elliptic curves 
have nothing to do with ellipses. They were originally used 
centuries earlier in connection with elliptic functions, which in 
turn were devised to help calculate the perimeter of an ellipse. 
As with many innovative ideas in mathematics, the pioneer in 
this field was none other than Gauss. 

Oddly, elliptic curves are neither ellipses nor elliptic func- 
tions—they are cubic polynomials in two variables. They look 
like: у? = ax? + bx? + cx where a, b, and с are integers or rational 
numbers (we are concerned with elliptic curves over the rational 
numbers). Examples of such elliptic curves are shown below. !? 

When one looks at the rational points on the elliptic 
curves—that is, one looks only at points on the curve that are 
ratios of two integers (no irrational numbers such as pi or the 
square root of two, etc.), these numbers form a group. That 
means that they have nice properties. Take any two solutions; 
they can be "added" in a sense to produce a third solution on 
the curve. Number theorists have become fascinated with the 
elliptic curves since they can answer many questions about 
equations and their solutions. Elliptic curves thus became one 
of the foremost research tools in number theory. 14 


A Strange Conjecture 15 about to be Made 


It was known for some time by number theory experts that 
some of the elliptic curves they were studying were modular. 
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That is, these few elliptic curves could be viewed as connected 
with modular forms. Some clliptic curves could be somehow 
connected with the complex plane and these functions in 
hyperbolic space with their many symmetries. lt was not clear 
why and how this was happening. The mathematics was 
extremely complicated, even for experts, and the internal 
structure—the beautiful harmonies that existed—was little 
understood. The elliptic functions that were indeed modular 
had interesting properties. Soon someone would make the 
bold conjecture that all elliptic functions were modular. 

To understand the idea of modularity, which exists within 


93 


FERMAL'S LAST lHEUERNM 
the noa-Fuclidean space o: the upper complex hall-plane, 
where symmetries are su complicated (a; (Беу cam шу be 
visutlvecd id is useful re Wk al a мегу simple example. This is 
an example where the cerve of interest is not an elliptic curve: 
instead ul a cubic equation in ive variables. it-s only у усип 
equae ın two variahles: die curve is a «imple cieie The 
equacinn of a circle with radius 3? whose verter is zero is piven 
by х2+ y? +g Now look at the sinple pend бинеду + 

а Cos I and y . «sin r These ewa Rüicrians can stanc tor х 
and y in che equation ot che circle. Lhe equation ot the circle 
is medular їп Uris sense. Tie iasan is the tugonomelern idee 
hy thal says thar «iv t+ eos? t- t, and substituting chis tor- 
mula into the equation ut the circle (each term miiplied by 
n] gives an identity 

А modular clliozic curve is just an extensinn of this idea to the 

more complicated complex plane, with а special nori-Euclicdean 
нешеу. Here the penodic functions are symmetries nor anly 
with respect to occ variable, t, as with the sinss and cusines or: 
the line—they are the anumurphic. ot die modular faring w 
the cumples planc, which have symmetries with respect to 
mare camolicated transtarmations :f(zi—- flare кс]. 


Tob va, Tefen, Багу СЕ 

[n che carly 19505, [арап was а nation ететріле from the ves 

uslalion of wur. Ге uple week Wd lor ger маргу, hue chev were 

anil pont and everyday survival was a struggle For she average 

lapanese. Yet factories were being reli, [тшш the rulabic, 

businesses reestablished, and the general mond was Һарећ. 
University lite in lapan at that time was also difliculi. Cum- 
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petition among students was fierce: good grades meant good 
jobs after graduation. This was especially true for doctoral stu- 
dents in pure mathematics, since positions at universities were 
scarce even though the pay was low. Yutaka Taniyama was one 
such doctoral student in mathematics. He was born on 
November 12, 1927, the youngest of eight children in the 
family of a country doctor in the town of Kisai, about 30 miles 
north of Tokyo. At a young age, Taniyama began to study the 
area of mathematics involving complex multiplication of 
abelian varieties. Not much was known about this field and 
Taniyama had a very difficult time. To make things worse, he 
found the advice of older professors at the University of 
Tokyo virtually useless. He had to derive every detail on his 
own and he used to describe every task in his mathematical 
research using four Chinese characters that meant “hard fight- 
ing’ and "bitter struggle.” Nothing was easy in young Yutaka 
Taniyamas life. 

Taniyama lived in a one-room apartment of 81 square feet. 
There was only one toilet on every floor of the building, shared 
by all the residents of the floor. To take a bath, Taniyama had to 
go to a public bathhouse some distance away from his building. 
The shabby apartment building was named “Villa Tranquil 
Mountains,” ironically so since it stood on a busy street and by a 
railroad track on which trains thundered by every few minutes. 
Possibly so he could concentrate better on his research, young 
Yutaka worked mostly at night, often going to bed at 6 AM when 
the noisy day began. Except in the heat of summer, almost every 
day Taniyama wore the same blue-green suit with a metallic 
sheen. As he explained to his good friend Goro Shimura, his 
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tather braght che macerial very cheaply тот а ред ет. But 
because of the luster по опе an Cie larttily died weaz il Yutaka, 
who cidit care how he laoked, finaly velumtee-ed and vad the 
maceral tailored Муг a suir which beczme hw daily uct. 

Jànis uma wraduateu. [rum die luere ul Takeo ‘r. 1653 
and took or: the position ol "special resco staden air the 
dc parement o mathematics there. ] dis tiend Shimura gradu- 
atec г vear earlier end bad a simmiar pusilion it пша гш» ui 
the College of Сал! Руиса acioss campus. Ter гост 
«hip began alter ane ot them wroce che other a letter asking 
him to retum to the library an issue of c озо Бетика jounal 
міі ПОКИ then ШЇ They wrnılel RIE n ral Ingether at 
inexpensive restzuraacs supposedly serving Western-style tood, 
such os tongue siew, which wis securing popular in Јерин? 

Few vood ruthemaicium sluyed in Japoni in Pigg eys. 
Qnee a mathematician achieved same слома he ar she 
would cry ro ninve m a university in Àmenca ог Europe, where 
the 1matbertu tica] озшш у was 221717 s ЧАГ and where: 
£&onnecrians with pes e dama research in the same fields 
were possible. Such links were imporcant tor corducliny 
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reseurch їп esuter ated» about w mdi тил; nun, 
To cry in Fosse research cies wick people wich knowlccge in 
their field о? incerest, the two friends helped organize the 
Tokyo-Nikko Sytiposiuz: on А! о: Маты Theory in 
September 1989 бити; лүн! ade at his small eontc-- 
ence, whe destined to remain obscure ros a long time, would 
eventually lead to momenwus resulls—uriul à savage contio 
күү almost fiery years lao. | 
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Yuiaka Taiyuanu ^ «ram Jarrney co Nikko a1 che [935 corer, 
| ett ro iplb t T magawe. I-P. Scere. Y 
"Tanivania, А. Weil 


Gore Shima, riea 006 mw nci: he Just 
foec e ped his лои 


D 
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“Ter 


А Нора Beginning 

The wo {егйз helped Ele the necessary Forms with the adin 

istration, arrange for the cuulerenice (acilicies. and helped send 
vin invitations te Incal and forcign mathematicians they hoped 
would кегш) the conference. André Weil. who had lett France 
in the meantime aad was u geolessor al che Universicy of 
Chicago, was ane at those inviced to adend. Al thy Гоцк 
tonal Congress of Mithemacicians five years earlier, Weil had 
brought to che atretiem of the malhematical community an 
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unknown conjecture by a matliematician by ihe name of Hasse 
abut the “cle fige of à variety aver à пот field ^ Fhe 
obscure statement held some interese ca researchers in number 
Шешу. Apparently, Weil wus cull ting tese conire, aral ideas 
in the heare at nimhers and ischuded this one in his Соп 
Paihez, giving credit ce | lasse. 

His interest an resulis. in this area made hir attraclive uy 
Т.у nd Shimura. aal they wu pleasec warn he 
acccpred che invitation to atend cheir conrerence. Another tor- 
rikn malberuatician Lo come lo Iokyo-Mikko ws ш ушне 
French mathematician, kean- Piere Serre While he may noc 
have been a member or Bourbaki at chat rime, since che society 
included sony well known ana. Галиани. Ie woud higine 
onc within the fallowing decades. Sere has been described by 
same mathemaricians as anthitious and hercely conipeticive. Не 
came lo Lokeo-Nilkko to frum as much as he cud. The liner: 
GE krw scree Pimps about! number henw, and hey had 
many results publishee on: in lapanese ard thus hidden trem 
the cesi ot the world. Lhzs was a great opportunity te leuri i 
these гови, since the canceienee was m be conducted in Eng- 
lish. He would he anc of few ocopie outside tapan with knowl- 
edge of the mathematics presented iiie; When the prid 
ings of the утрат weld. be published, it would he in 
Japanese only. Twenty years later. Serre would draw aeni 
lu sume event» at lukyo-Nikko, and the world woul! hear his 
veo n Tu Ihe ANE теста I" the Japanese woncedings 

The proceedings includea thirty-six ornblems. J'roblems LU, 
JL, 12 ung. F3 were wrer: by Yuko Пипїушта Simbar n the 
ideas oc | lasse, Tanmvamas рет constiarted 2 conjecosre 
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about zeta functions. He seemed to connect Poincarés automor- 
phic functions of the complex plane with the zeta function of an 
elliptic curve. It was mysterious that an elliptic curve should 
somehow be connected with something in the complex plane. 


"You Are Saying What...?” 
The conjecture embodied in the four problems was nebulous. 
Taniyama did not formulate the problems in a very meaningful 
way, possibly because he wasn't quite sure what the connec- 
tion was. But the basic idea was there. It was an intuition, a gut 
feeling that the automorphic functions with their many sym- 
metries on the complex plane were somehow connected with 
the equations of Diophantus. It certainly wasn't obvious. He 
was positing a hidden connection between two very different 
branches of mathematics. 

André Weil wanted to know exactly what Taniyama had in 
mind. According to the written record of the conference, the 
proceedings published in Japanese, the following exchange 


took place between Weil and Taniyama:!$ 


Weil: Do you think all elliptic functions are uniformized by 
modular functions? 

Taniyama: Modular functions alone will not be enough. 1 think 
other special types of automorphic functions are necessary. 

Weil: Of course some of them can probably be handled that way. 
But in the general case, they look completely different and 
mysterious... 


Two things are evident from the conversation. First, Taniyama 
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was referring tn ‘automorphic tunccions’ racher than "rmndular 
functions alone” as being associated wich the ellipisc curves. Anu 
«ana, Wol did eot helieve chat in general (tese was such a 
canneccion. Lacer he would be тоте specitic abou this cishetiet, 
all of lub would rake it astouncdirys tut Pi пее, vf vll peo- 
ples, shiuld eJ up being associated with о conjecture he neither 
tormulared nor even helteved was truc. But асе samerinies takes 
strange, omplaustble tums, and even mure bizarre occurrences 
wert REE tei bans pare’. 

All chis would matter decades later. To know exactly what 
Tuk Tacivama meant, оче, and said woud be a buun to 
madern Instarians. Rut, unfeiminatehy, cragecly stalked Таула, 
as ic did so many other young mathematical geniuses. 

Within а couple of yeun. Goto Shimura left Tokyo, lisi lot 
Paris, then tar the Insbtute for Advanced Study aod Prinecion 
University. The two triends continued со communicate hy 
mail. ln September, 1938, Goro Shimura received the last lester 
written by Yutaka Tanmigama. Га the morning af November 17, 
1954, hve days akter his chiroy-Rrst birthday, Yucaka Tansyama 
wis found deud m bas upartinent, a suicide nove on Ins desk 


Shimara’s Coniectare 

А «есе passed since she Tokyo-Nikko conference опу Сото 
Shimura now ac Princeton. continued his research an sumber 
theory, zeca Functions, and cilipcic curves. | fe understood 
where his late friend bad been wrong, and his own zesearcl 
and quest doi bidder hairs in thi icalims ol mathematics 
led him. zo tormulace a ditferent, holder and more precise con: 
wesute His coniecture was that every ellipl curse over the 
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rational numbers is uniformized by a modular form. Modular 
forms are more specific elements over the complex plane than 
are the automorphic functions of Taniyama. And specifying 
the domain as the rational numbers, and other modifications, 
were important corrections as well. 

Shimura's conjecture can be explained using a picture: 


If we "fold" the complex plane as a torus (the doughnut in the 
picture}, then this surface will hold all solutions to elliptic 
equations over the rational numbers, these in turn arising from 
the equations of Diophantus. What would later be important to 
the solution of Fermat's Last Theorem is that if a solution to 
Fermat's equation x" + y" = z" existed, this solution would also 
have to lie on that torus. Now, Shimura conjectured that every 
elliptic curve with rational coefficients (that is, an equation 
with coefficients of the form a/b where both a and b are inte- 
gers) has a "mate" on the complex half-plane of Poincaré, with 
its non-Euclidean, hyperbolic geometry. The particular mate of 
cach rational elliptic curve was a very specific function on the 
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complex half-plane, which was invariant under complicated 
transformations of the plane—the ones mentioned earlier: 

f(z) ————-> f(az+b/cz+d), the coefficients forming a group 
with many unexpected symmetries. All of this was very com- 
plex, very technical, and—as most mathematicians would 
believe for several decades—impossible to prove in the fore- 
seeable future. 

What Shimuras conjecture was saying was that every elliptic 
curve was the part of an iceberg lying above the waterline. 
Below the surface lay a whole intricate structure. To prove the 
conjecture, one would have to show that every iceberg had an 
underwater part. Some special groups of icebergs were known 
to have the underwater part, but since there were infinitely 
many icebergs, one couldn't just go look under each one of 
them. А general proof was necessary to show that an iceberg 
couldn't exist without part of it being underwater. The formu- 
lation of such a proof was considered exceedingly difficult. 


Intrigue and a Betrayal 

At a party at the Institute for Advanced Study at Princeton in 
the early 1960s, Shimura again met Jean-Pierre Serre. According 
to Shimura, Serre approached him rather arrogantly. "| don't 
think that your results on modular curves are any good," he said. 
"Why, they don't even apply to an arbitrary elliptic curve.” In 
response, Shimura stated his conjecture exactly: "Such a curve 
should always be uniformized by a modular curve.” Serre went 
to Weil, who was not at the party but was a member of the Insti- 
tute and therefore in the immediate area, and told him of his 
conversation with Shimura. Jn response, André Weil came to 
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Shimura. “Did vei really say rhac?’ he asked him, рол Yes.” 
answered Shimura, “don't yas think it plausible?’ Ten years after 
Tauern eluted conjecture, André Weil still cid по believe 
eher conjecture. | le answered: "I dant see any reason agams 
it, since one and che other of chese sets are denumerable, but ] 
card sec any reason ithe Сос this hypothesis ` Whal Weil said 
an this accasinn weld later he described as “sarpid, and "inane" 
зу Serpe Lane ot Yale Universin who would circulare chese 
кеттет кой Иек wah copies of two dozen listrs su ииге] 
collectively "The Taniyama-Shimara File," amang aheut Arty 
rnulhernuucians worldwide. Whar Weil meant in bes response ru 
Shamita was Ілме by Ihe ТУЕ Wana nom ven have 
seven mca and seven wamen znd vna conjecture that these are 
seven inumed couples, ten Û see nu reason aguirisl il. since the 
Tuber ul mez is the sace as ihe nur ber of womez. But) dont 
see any reason For your (чарка, either It coaid he thar they 
ате all single. № hat made Lang describe the scatemenc as scapid 
was thut the counting, argument didit ally apply m any sirriple 
way here, hecause ‘denuntcrable” means infinite and countable 
‘such as the number of al the positive integers: J. 2, 3, 4... 1 and 
sate hing such infinie collections i no sinir task. SI any rae, 
itis clear that André Weil did noc believe Shimura’: theory: was 
necessarily true. He would later admit that the conversatiun 
Ik place and, stimid, ınane, or ocherwisc, wauld Дис t. Rat 
this would happen only in 11/29, when he wacld write. !? 


Cie nues années olus rand, a tine vain, Shinni me demanda si je 


trouvais p.ausible quc vale courbe ellipe:que sur Q zur conzenue 
dans е jacobienne d'une ceuthe drhne par ene sriis-ginipe: de 
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congruence du groupe modulaire; je lui repondis, il me semble, 
que je n'y voyais pas d'empéchement, puisque l'un et l'autre 
ensemble est dénombrable, mais je ne voyais rien non plus qui 
parlat en faveur de cette hypothése. 


("Some years later, at Princeton, Shimura asked me if | found it 
plausible that every elliptic curve over Q was contained in the 
jacobian of a curve defined by a congruence subgroup of a 
modular group; | responded to him, it seems to me, that | don't 
see anything against it, since one set and the other are denu- 
merable, but neither do | see anything that speaks in favor of 
this hypothesis."] 

But even then, Weil would write "Shimura asked me" (me 
demanda), rather than "Shimura told me," when referring to the 
statement that is Shimura's conjecture. Weil published some 
related papers, and while he did not believe Shimura’s theory, 
his own name became associated with it. The error was per- 
petuated when mathematicians made references in their 
papers to the works of others, and the misquotation is present 
to this day when writers ignorant of the history refer to the 
Weil-Taniyama conjecture instead of the Shimura-Taniyama 
conjecture. Weil seemed to enjoy his association with an 
important theory which—while he himself did not believe in 
it—most mathematicians thought would be proved some day 
in the distant future. 

With the passing decades, there was more and more reason 
for the connection to exist. If and when the conjecture was 
proved, it would be a substantial mathematical theory. Weil 
worked around the conjecture, never leaving mathematical 
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results he olstained too Jar awar Fram the passthle eonnecoon 
between modular torms of che camplex plane and the elliptic 
curves of Digpliaitone euuations. And while be certainly knew 
letter, he held hack retereaces ti» Shimura and his систа mic 
unti] almose two decades bad passed. [hen he gave atthand 
praise to Shimura in casual conversation and mentioned him— 
almost i passe on a pubhsylaal pace Meanwhile, m 
France. Serre was actively concrbucing zo tnc take atcributtinn. 
He made every etur: lo assuciate the пате ul André Well 
with the canjecture, inseead al chat af Coro Shimara. 


"An Exerco fer Ihe Грез Reader" 
In 1967, André Wol wrote à paper in German, in which hc 
said: '? 


Ob sich diese Dinge immer, d h Нг ede über €) dehmene Kurve 
C, Si verhalten, scheint ри Moret noch problematic’: zu sein 
and mag dem interesseren Leser als Uounzsaufgaoe eraptchler. 
werden , 


Whether these chinus. tbar is tor every curve C defined over 
Q. sa behase, ar chis ament is «ull сеп as prahlemauc and 
will he recammended as an cxercise tor the incerested reader. `|] 

‘Ths paragraph: refers ta elliptic curves ovez che rational 
numbers (ейп mathercwticiany denote by О;, and ‘sich su 
verhalten! here reters to Being mada:ar. that is, it scates 
Shimurak cunjecture. But, here again, Weil aid noe attribute 
the cheney 10 nls unginulor He did yr mly 1? Yous later and 
even then as "Shimura asked mc... 


' as we have just seen. ln this 
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paper ір German, above, Weil calls the comecture "prohlem- 
auc ` Ап then he does sumething strange. He simply assigns 
the сапрссгакс 26 an exerci fa fhe такт! erode: (u г ДЕ dete: 
interessierer. Leser als Cihungsautgahe emptolien werden.” 3 
This exercise for Une “interested reader’ would sake une uf -he 
worlds änest mathematicians sever veais of work “r solitude 
lo attemp: to prove When а machematiciar. assigns a hame- 
wark problem iÜbecissufügne;, usally he or she knows che 
proof through and through, and believes — knows for cer 
lain —tibat che :Һеосет is спе. no: “problemacic” as Weil 
deserthes il 

“Phere is an oig srory ahe: a varh professor whe tells bag 
cluss "ibas is obvious,” when referring са some сапсепї. The 
class looks confused sence 11 ау iot at alf obvious. and лаху a 
bold student raises а hand and asks, "Ту" The professor 
then stares drawing and writing on che edge or the heard with 
Озщ hand, covenng Ibe writing with his ocher band, and eras- 
ing everything as he ic dane. Ateer about ten cuales ol shis 
furcive vecibbling. the pratessor erases che Һаага completely 
and announces ty the befuddled cluss: "Yes, its obvious. 


The Lie 

In che 19705, Tnivaruh problems from the ‘lukyu-Nikke 
meecing received wider discrifirtion. In the meqin: score 
Weil had written about che conjecture he douhted, modular 
clipcic curves became kewn as “Weil Cures.” Wher 
Јапіуатах prohlems became һеїгег known ii the Wrst. Lhe 
Conjccune obian such curves came to be called the "Taniyama- 
Weil conjecture * Shenura’s name was left out completely Buc 
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since Faniyama’s name came in, Weil started cu inveizrh against 
conjectures ullogether In 1979, u mere live yanis before il was 
praved by Gerd Faltings, Weil even spoke againse ‘the sa- 
called ‘Mordell conjecture’ on Diophantine equulions.’ He con- 
tinued, "TI wound be uice if chis wire x, anl 1 would rather hei 
Far ec chen against it [int ir is no more than wishhil thinking 
because here is noc a shrec ot evidence ter it, and alse поте 
apainsi iL" Bin Weil was wrong ewer then. А number of Russian 
malhemarniciars, among Me™ Shalfarevich and Parshin, were 
already obtaining results chat would supply evidence tor the 
Morell conjecture us казу as ghe early 1970 Tn 1984, uF 
couse. Gerd Palemes would prese che coaseccare. outright, 
making Fermats Lass l'heorem “almost alwuy's true ' 

While Anci Wl was timing against all conjectures at a 
rime when his name was па longer heing exclusively associated 
with che coniecture now called lanivama- Wei? by many mathe- 
ишсиз, Serre in Pacis was winkmg t keep Shimuras name 
dissnciated trem the conjecture In 1940. at a party at the Шпі- 
versity uf California at Berkeley, und wnhin earshot of o пипЦет 
uf peupie, lean Pierig Seere cald Senge Lang chat André Weil 
hac. tald him ata canversacion he had had wita Goro Saimura. 
Accurcing tu Serre, Gas is what Wal told hir took place 


wul. Why did Tanyama think chat all ертс curves are 
modular? 


Shimura Yiu told fim si yoursel! arnei vini haeve прищ n. 


At this maent. Lang, who unknowingly had been using che 
rerms Well curve! and “Tantyama-cil conjecture.” beinne 
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suspicious. He took it upon himself to find the truth. Lang 
immediately wrote to both Weil and Shimura, then to Serre. 
Shimura categorically denied that such a conversation ever 
took place, and gave ample evidence for this claim. Weil did 
not reply right away. Апа Serre, in his response, criticized 
Lang's attempt to find the truth. In his Bourbaki Seminar in June 
1995, Serre still referred to the conjecture as that of "Taniyama- 
Weil,” leaving out the name of its originator, who trusted him 
with his conjecture 30 years earlier. Weil responded after a sec- 


ond attempt to contact him by Lang. His letter follows.?? 


3 December 1986. 
Dear Lang, 
[ do not recall when and where your letter of August 9 first 
reached me. When it did, [ had (and still have) far more serious 
matters to think about. 

I cannot but resent strongly any suggestion that | ever sought 
to diminish the credit due to Taniyama and to Shimura. | am glad 
to see that you admire them. So do I. 

Reports of conversations held long ago are open to 
misunderstandings. You choose to regard them as "history"; they 
are not. At best they are anecdotes. Concerning the controversy 
which you have found fit to raise, Shimura' letters seem to me to 
put an end to it, once and for all. 

А$ to attaching names to concepts, theorems, or (7) 
conjectures, І have often said: (a) that, when a proper name gets 
attached to (say) a concept, this should never be taken as a sign 
that the author in question had anything to do with the concept; 
more often than not, the opposite is true. Pythagoras had 
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mizhéng to dii with “his” iheerem, nor Fuchs with ihe Fongrt nirs 
fuzaiiennes, any riore than Acgusic Come wilh nie Aug as le: 
(Comte, ‘b? proper names read, avite proeerly, ro wet resleced by 
тоге oppmopniate mrs; ihe 1 етиу Kaisa) seanesce is mme à 
spectral scauence (and as Siegel once toid Erdos. abeuan s now 
writren with 5 smail д) 

X hy «тоа Û Һм made stupid" ттт К» sorie inns. as 
vou aze p.cased to sav; Dut ideed, [ was "ош of ıt’ ir 1979 when 
expressing some skepticism about Morel, cotietere, simi ¢ 37 
thet tine I was Maly insan nf ihe wok nle Russians 
'Parsiun, ete.) n thar director. Ау excuse. iftis one, ss that | 
had had long pionversasions with 5-afsrevich in 1972, and he 
meeer mentiune any uf ihag work. 

Siicerely, 

A Weil 

AM ig 


P5 Should you with to пит, this letter magh your Nero 
ива: аги: ales del fracas Шо sn I wondes what thie Xerox Cá. 


woud do wicheut you and the I:ke ef yon. 


Meco in Toe Black Forest. Гай ззат 
While the cunroveny abou who vipovted the Shimura: 
Toniyuma conjecture was raging m Berseley, New 1 амел, 
Princeton. and across che Atlantic in Paris, samething tntallv 
unexpeceed was happening deep an tbe Black Forest vf southwest 
Cenuuny 

Gerhard Prey received his Diploma tram che University of 
Tübingen, and his Ph.D. fro she Моеъи» of Hinde lherg, 
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where he studied number theory and was influenced by «he 
works of Hasse aad Weil. Frey was [шыгы by the citerplay 
between the theory at numbers and alachraic geametry, an 
area of mathematics which was developed in the last fifty 
years. Ide was also mierested cn ататеп geometry. 1 wes 
the connectians berween number theory and the newer fields 
of algebraic and arithmetic geometry that would lead him to 
make an uncapecled тазарса! stament In (e 19205 
trey did a loc of work on elliptic curves and Dinphantine 
equuuons. and in 1978 be read che paper "Modular curves and 
the Tisenstein ideal by Barre Mazur of 1 larvard University 
Frey was scrongly intluenced by the paper, as were many num- 
ber theorists. aruoryg then Berkeleys Келле Kibet and 
Princetans Andrew Wiles. Prey became convinced by Mazur's 
paper that he should think very seriously about applications ot 
modular curves and Galois representations to che theary ot 
elliptic curves He fisund thar phis led ham дды unavoidably 
to Diaphantine questions closely related ta equarians ог Ter- 
mets type. This was a powertul insight, which Frey tried to 
make maze precise 

In 1981, Gerhard Frey spent a few weeks at Harvard Uni- 
versity und. had a number of discussions with Barry Mazur. 
These discussions were clearmg things m his mind. The heavy 
tog surrounding che dilficulr. connecrions he envisioned 
between Fensut-hke equations and the relatio: between mad- 
ular farms and elliphe curves was shiwly hiring. Figy went em 
to Berkeley, where he spoke wich Ken Kibet, a hright number 
Ihecitist who was a graduate of Harvard and had worked with 
Mazur an related issues Trey returned га his native Germany 
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‘Loree venres later, he was invited to give a lecture m the Obez- 
wolfych center deep in shi: Black Fore 

Ohcrwallach was designed as а conterence and workshop 
center in auatheinazics, sec in beauiilul and peaceful surcouad- 
ings far Prism clins and crowds. Peery year, the concer seansors 
ahai: Fifty internarianal meetings on ditheren: topics «t mazhc- 
matics Lectures. ond even just ацепфипсе vl ibe meetings. ace 
tar liiis I Мат Prey ettort is made to allow lor che 
casy exchange nb ideas among experts kom difterent cuun- 
tries. là. 1984. Gerhard Frey gave u talk at à number theory 
гизе ге псе there [Jc made what looked like a crazy assertion. 
‘The mimeographed sheets filled with mathemctical formes 
he pissed our at Ihe conire scemecd vo iriply ibat i she 
©аиз: Taniyama eonjecntre were indeed tric, Гегтласѕ Last 
Theorem would be proved. l'his made no sense at ull. When 
Ken Ribet first beard of Freys эшш, be Поці id was a 
Ке. Whaz could modulari at elliptic curves possibly have 
ст co with Fermacs Lasi Vheorems he usked himsell. He guve 
shis эмт; assein na tithes thaught and went about hes 
usa work. lut a number of people in Paris and elsewhere 
were interested in Freys unproven, vil samme whut incoumlele 
silicem Jean Pierig Serre wrote a privace leter ta a mathe- 
matician hy the name ot |.-F Mestre. lhis letrer became pub- 
ic, and Serre subsequently published a paper cepeving bo 
nwn conjectures ham lhe letter to Mostre?! 


Мерез Thons 


Ken Riber, whe first thought this satemene was a joke, started 
thinking about Serres conjectures. and in tac: recognized 1n 
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them samething he had already Густое Гог himself when 
he trand time ca chink about Ггеу Чоке." These were certain 
clurificativas of Cerhard treys stazements, which, 1f proven, 
would cstablish rhe following implicango 


Sh:mura-Tanryama conjecture ———— —- > [ezmat's Last Theoren: 


‘The way tne Frey idea worked was ingeniaas. Prey reasaned as 
ludlows: Suppose that Fenuats Cast Theorem is sol true. T Een, 
Far some power r char is greater than 2 there ò a soluyan 1o 


Fermats ecuation: x"- у = 


z7, where x. y, and z are integers. 
Tm particubor solution. a, v, arid v. would then give rist to a 
specific elliptic curve. Now Prey wrate dawn che general equa 
tian of this carve ther would result from the «elution nt Eer- 
mals equation. His conjecture presented al Oberwalfach 
stated thay (у very curve, now called tbe Frey curve. was u 
very strange animal. It was so strange, in Fact, thax it cachdi't 
possibly exist. And. mos: important, the elliptic curve that 
would arise if Fermat's [ast Theorem were lose was detinilely 
not modular. So. if che Shimura-Taniyama conjecture was 
indeed irie, thes ai! ellipiic curves must be modular. 1 here- 
fore, an «Пуга curve chat wes not modula coukdi't possibly 
exist. And it would Њам thac Frey's curve, an elliptic curve 
chat was поз modular fin addition to all its osher sange char- 
acceristics could nor exist Therefare. che sah:uuns ti» Fermas 
ecudion could not exist eicher. Without che existence at solu- 
cians ta the Fert eauatiun, Fennats Last Sheorem (which 
sales that chere arc ки Solutions ip che cemalin for any 27 
would be proved. l'his was a complicated sequence at impitca- 
tions. hut it followed Бошо the logic ol couthematical 
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Ken Hiber pscing ла марон Audzce Wiles being 
theare-«. nrArvirweed 


SIUS J Vee 


JATMA.. 


Beny Мади: 5! Harvard Llnivcisitv— 


the “wande-ddy of hera a |. а Cerbzré Vary. whe lad ihe 
mathemetinan whee penirtrica- “crazy idea” Һә an eliptic 
insiphis spin хесту who curve result ny frc a «e avon 
ачиш to che final proof of af Vermars equariqn «ali 
Fermats Lass Thepren. covld 201 vais 
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proof. The logic was: А implies B; therefore, if B is not true, 
then А can not be true either. However, the Frey statement 
was, itself, a conjecture. It was a conjecture which said that if 
another conjecture (Shimura-Taniyama) was true, then Fer- 
mat's Last Theorem would be established. The pair of subse- 
quent conjectures in Serres letter to Mestre further allowed 
Ken Ribet to think about the Frey conjecture in clear terms. 

Ken Ribet had never before been interested in Fermat's Last 
Theorem. He had started out as a chemistry major at Brown 
University. Under the influence and tutelage of Kenneth F Ire- 
land, Ribet was steered to mathematics and got interested in 
zeta functions, exponential sums, and number theory. He had 
dismissed Fermat's Last Theorem as "one of those problems 
about which nothing further of real importance could be said." 
This was a view held by many mathematicians, because prob- 
lems in number theory tend to be isolated, with no unifying 
scheme or underlying general principle behind them. What is 
interesting about Fermat's Last Theorem, however, is that it 
spans mathematical history from the dawn of civilization to 
our own time. And the theorem’s ultimate solution also spans 
the breadth of mathematics, involving fields other than num- 
ber theory: algebra, analysis, geometry, and topology—virtu- 
ally all of mathematics. 

Ribet went on to pursue a Ph.D. in mathematics at Harvard 
University. There, first indirectly and toward his graduation 
more directly, he fell under the influence of the great number 
theorist and geometer Barry Mazur, whose vision inspired 
every mathematician involved even in the smallest way in 
efforts to prove Fermat's Last Theorem. Mazur's paper on the 
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Fasenglecn ideal acted as an ahetraccion of the thenry at ideals 
developed in the last century by Eras? Kummer intu the mod. 
епп fields of со етіс, Лье gearsetry and aew 
approaches ca the cheny at numbers through gcomcecny ^? 

Ken Kibet evenzially became a protessor uf machemuties vt 
the University of Califuria ot Berkeley and did earch in num: 
her theory. In 1983. he heard abor Preys "crazy" notion that it a 
solucion ot Fermat's equation existed, that is if Fermas Last The. 
erem were falsc, then «his «әсе would give rise а very 
weird anye. This Trey Curve would be associated with an elliptic 
curve that could nut be modula The per of associated Саух 
Iuris in Seire lette? са Mestre made him ine rested in crving ro 
prove Preys conjecture. While he wasn't really interested уг. Fer- 
mat's Last Theorem, Kibet recognized tiat this had became a hr 
торе, and il happened to be in an акса he knew well. During 
Ihe week of August 15—24, 1985, Rihet was at а meeting on 
arithmetic algebraic geumecry in Arcul, Culifuinia He дан 
thirskirys about Fivys statement, aad che p ohlem remained on 
his mind tor the next year. When he was treed ot kis lac harps 
vbligations а: Berkeley «ау in Uie surimes of 1986, Ribet flow 
ил Ceimamwy where he was co cn research ac the world-ramous 
center For mathematics, the Max Planck dnstiaite Just as he 
arrived at the Institute, Riber made Ins ыло brvakthinugls. 1 le 
wus now almost abbe 10 prove Trey's conjecture. 

[иг he was хос quite there. When he returned te Berkeley, 
Ribet ran into Barry Mazur, who was visiting from | fareaed. 
"Barry, lets pa fei à enn of сосе" Riber suggested The тео 
retreated сп а popalar catë by toe University of Coliloruia 
campos While sippnig  Lappuccina, Кс confided co 
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Mazur: “I'm trying to peneralize what Ive done so that ГЇЇ be 
able ty prove the Free conjecwre 1 just dant seem in get this 
onc thing to generalize it...” Mazur looked at whar he was 
showing him. ‘But youve done il alieaíy, Ken,” he said, "all 
yuu need lo do is add pu same excra gamma zero at № struc- 
wre, and run through your argument. and youre there!” Kiber 
looked at Mazur. he louked back vt his cappuccino, thes hack 
at Muzur with disbelic? "My Cred, you're absolutely right." he 
said. Larer he wenc hack co his office to finish off the proof. 
“Ken's idea was brilliant,” Mazur caclaimed when describing 
Ken Rebsers inaeninus prat atcer it was published and became 
knawn in the world uf mathematicians. 

Riber luziriulated vid proved a thearem which established as 
fact thac 1F the Shiswra-Tanrrama conjecture was crue, then Fer- 
mat's Jasc Theorem would tall et af it us a direct cunsequence. 
The man who only а vear earfier tougi: tat Frey's suggest 
was и joke now proved that che *joke" was actually a machemaci- 
cal realicy. The donr co che attack on Fermats problem using the 
modem methods of urithinelic algelieic acnmetry was naw 
wide open. All the world seeded naw was someone wha would 
prove che seeminuly-impossible Shimura-Janivenw comecture 
Ч hen Fermat's Last Theurer would automatically be ee. 

Y ! ' 
А Childs Отам 
The person who worted da just that was Andrew Wiles When 
he was cen years old, Andrew Wiles wene to the public library 
in his town in England and looked at a book on тато ису. 
Is thal book he read ahoni Fermat's last Thearem. The rhen- 
rem, as described in che hnok. seemed so simple, that uny 
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child could understand it. In Wiles own words: “It said that 
you will never find numbers, x, y, and z, so that x? + y? = 23. 
No matter how hard you tried, you will never, ever find such 
numbers. And it said that the same was true for x* + y* = 2%, 
and for x? + у? = z3, and so on... It seemed so simple. And it 
said that nobody has ever found a proof of this for over three 
hundred years. | wanted to prove it..." 

In the 1970s, Andrew Wiles went to the university. When he 
finished his degree he was admitted as a research student in 
mathematics to Cambridge. His adviser was Professor John 
Coates. Wiles had to drop his childhood dream of proving Fer- 
mats Last Theorem. Research on the problem would have 
turned into such a waste of time that no graduate student could 
afford it. Besides, what doctoral adviser would have accepted a 
student working on such an ancient puzzle, one that had kept 
the world's brightest minds from a solution for three centuries? 
In the 1970s, Fermat was not in fashion. What was "in" at the 
time, the real hot topic for research in number theory, was 
elliptic curves. So Andrew Wiles spent his time doing research 
on elliptic curves and in an area called Iwasawa theory. Не 
completed his doctoral dissertation, and when he was awarded 
his Ph.D., he got a position in mathematics at Princeton Uni- 
versity and moved to the United States. There, he continued 
doing research on elliptic curves and Iwasawa theory. 


An Old Flame Rekindled 

It was a warm summer evening, and Andrew Wiles was sipping 
iced tea at a friend's house. Suddenly, in the middle of the con- 
versation, his friend satd: “By the way, did you hear that Ken 
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Ribet just proved the Epsilon Conjecture?” The Epsilon Con- 
jecture is what number theorists were informally calling Frey's 
conjecture, as modified by Serre, about the connection 
between Fermat's Last Theorem and the Shimura-Taniyama 
Conjecture. Wiles was electrified. At that moment, he knew 
that his life was changing. The childhood dream he had of 
proving Fermats Last Theorem—a dream he had had to give 
up to undertake more feasible research—came alive again with 
incredible torce. He went home and started thinking about 
how he would prove the Shimura- Taniyama conjecture. 

"For the first few years," he later confided, "I knew I had no 
competition, since | knew that nobody—me included—had 
any idea where to start." He decided to work in complete 
secrecy, and in isolation. "Too many spectators would spoil the 
concentration, and | discovered early on that just a mention of 
Fermat immediately generates too much interest." Of course, 
gifted, able mathematicians abound, especially at a place like 
Princeton, and the danger of someone completing your work 
for you—and even doing it better—is very real. 

Whatever the reason, Wiles locked himself up in his attic 
office and went to work. He abandoned all other research pro- 
jects to devote his time completely to Fermat. Wiles would use 
all the power of the modern machinery of algebra, geometry, 
analysis, and the other areas of mathematics. He would also 
make use of the important mathematical results of his contempo- 
raries, and of his historical predecessors. He would make use of 
Ribets clever methods of proof, and his results; he would use the 
theories of Barry Mazur, and the ideas of Shimura, Frey, Serre, 
André Weil, and those of many, many other mathematicians. 
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Wes! greatiess, Gerhard Frey would later say, wos that he 
helieved in what he was daing at a timc when virtually evens 
mathematician in the world believed thar the Shimura- 
Tanigartia consectum could i be pirven in the twenlregh 
cennery. 

Jo prove the Shimura- lznivama Cuniectuce, Andrew Wiles 
knew he had 10 prove tha: every elliptic curve is coudulie. Не 
had са shaw chat every elliptic. curve, whase solutions lic or a 
doughnut, was really a modular torm in disguise. Che dough- 
пы: was. in a sense, also chis space of іп syirimelcic 
hinecians on. che camplex plane called паг forms. 
Nubudy had any idea how to show such a weird connection 
between [hese we seemmgly very different entiues 

Wiles realized chat the best idea was ta cry са сайы the num- 
ber of elliptic curves. and to count the number of moduler ellip- 
tic curves. and then to saow that their "nuribec! was the same 
This constriction would prve chac the elliptic carves and the 
madalar ellipcic curves were one and the same, and hence 
every «рис curve у indeed maculas as the Shea 
Tarivama conjecture claims. 

Wiles realized two things. One was that he didn't have to 
prove the entice Shimura- Tamyama conjecurc, [кщ ely a spe 
cial case: semictalie clliptec curves with rational numbers as the 
coefficients. Proving chat the conjecture was eue for this 
smaller class of eilipcic curves would be enough to establish 
Fenaa Las: Theorem, The cher thing Wiles Кесме was chat 
'caunring" would noz work here because he was dealing with 
ш нє sees. The set of semistable elliptic carves was inlirite 
Апу rational тыште ah, where а aad 5 аге wecgers, would 


119 


FERMAT S LAST THEOREM 


give you another elliptic curve (we say an elliptic curve over 
the rationals). Since there are infinitely many such numbers— 
a and b can be any of the infinitely many numbers 1,2,3,4..., to 


infinity, there are infinitely many elliptic curves. So counting 
as we know it wouldn't work. 


Breaking Down a Big Problem into Smaller Ones 
Wiles thought he might try to work on smaller problems, one 
at a time. Maybe he could look at sets of elliptic functions and 
see what he could do about them. This was a good approach 
since it broke down the task so that, step by step, he could 
understand each set. First of all, some elliptic curves were 
already known to be modular. These were very important 
results, developed by many other number theorists. But soon 
Andrew Wiles realized that looking only at elliptic curves and 
trying to count them off against modular forms might not be a 
good approach—he was dealing with two infinite sets. In fact, 
he was no closer to a solution than was the skeptical André 
Weil when he said: "| see no reason against the conjecture 
since one and the other of the two sets are denumerable [infi- 
nite but of the order of infinity of the integers and rational 
numbers, not the higher order of infinity of the irrational num- 
bers and the continuum], but | don't see any reason for it, 
either..." After two years of getting nowhere, Wiles tried a new 
approach. He thought he might transform. the elliptic curves 
into Galois representations, and then count these Galois rep- 
resentations against the modular forms. 

The idea was an excellent one, although it was not original. 
The principle behind this move is interesting. Number theorists 
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are concerned wich finding soluzians of canatians, suck as ube 
Ест ensuation. The mathematical cheury ot £elds at numhers 
sees t^s prahlem in che eones uf field extensions. Fields are 
large, infinite calleccians which are ditricule ca analyze. There 

fare, wll number theorists bave often dune is to use the rho- 
ries at Pvariste Calo, ca'led Galois tory in order su translate 
chese prablems from che comp eared fields 10 what ae «гилеп 
из TOUS. Often a gruup is generaced by a finite (rather than an 
ийтке set al elemens, Using Goluis theory thus allows the 
number theorist са move trom an infinite valleciin qo oae shal 
is represersted by a finite sec. l'his translacion ot a probem cnn- 
«cities ai immense step forward, since à finite set ol elements 3s 
so much easier to handle then an infinıce set. Санпа makes 
sense only fur а finite number ut elements. The approach 
seemed ca work lor some sity el elliptic curves. This was а goog 
hreakrcniough. But atoer anather y cac, Wes was stuck sgair. 


The Fia. Paper 
What Andrew Wiles was crying ta do naw was 10 count ses of 
Galois representations, currespunding co the isemi-stable) 
elliptic curves against the modular Juss und to show that 
they arc the same. Їп doing so, he was using his arca al eaput 
lise. ис: which he had dune his cisseecation, called Harizantal 
масама Thenry Wiles was Irving to usc this theory to attain 
the Class Number Formula, z result which hye needed lor the 
“counting.” But here he was up against a hrick wall. Nothing 
һе coukl do brough: him nearer to the answer. 

In the summer af 1901, Wiles was ata «ao verence in Boston, 
where de met his tomer docental adviser ac Cambridge, [ohn 
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Crows Praisser Coates haki Wiley et onc ol Costes studens, 
Macthias Flach, using carnier work hy а Russian machemacician 
named Kolyvayin, had devised an biker System лете alter 
Vacnhard Еее) m an дт! 10 рахе thy Class Nunley Fur- 
mula. This was exactly what Wiles necded for his pmo? ot the 
Shimura-Janiyama coniecuzre—ij, indeed, he could extend 
Flachs pavual сечас Io rw fall Class Number Formula Weles 
was claced on hearing trom Coas amac this wnrk ot Tach. 
‘This was tailur-made" for bis own problem. Wiles said, as il 
Mauhias Flach had done all thus werk just far him. And Wiles 
immediately adanconed al? his Horizonta: [wasawa Theory 
work ard immersed limsel? day and might in the work of Koly- 
vakin and Flach. Ht cheir ‘Ruler System? really worked, Wiles 
would hepetully achieve the Class Number result and the 
Shia: Taniyazii Comece woukl be proved fur sersistabie 
cHipcic. cames—onauagl ca prave Fermars Lact Theorem 

‘This was hard work, however, and it was outside the Jwa- 
sore realm which Wiles knew so wel Increastagly, Wiles 
started to mecel the need са find. somehady co talk to. Ife 
wanted someone who could check his progress in these 
uncharted waters, but someane wha would nur reveal u hmg 
to anyone elec. 


А Gund Frend 

Wiles finally had tm make a decrsion- should he conzimic to 
keep everything secret as he had done tor so long, or should 
he leak Фол aud 14lk lo sumeone with good knuwledge vf 
number theory? | le Finally decided he could probably nox do 
very well by keeping secrecy torever. As he himsell said, one 
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could wurk оп a problem tor an entire lifetime and nor see any 
пуми The need te Алт рл nglus with опе porn finally 
aunycighed ах intense need ол keep їс all to himself. lur now 
the question was who? Whore could he trust to keep his secret? 

ln lanitary al 1992, alter six years of working alane, Wiles 
made his contace. He called in Fralessor Nick Katz, one ot lis 
colleagues at che Princeton mathemasics department. Katz was 
i expert on ry ioi the theunes tht went mio altempls Uu 
nrave che Class Number Fannula. lic more importantly, Katz 
was completely trustworthy. He would never reveal what 
Andrew Wiles was up ia This assessment ore Wiles’ part 
turned our to he cnrrect. Nick Katz kept Sis mouth shut 
uiroughour his work. with Wales over the cory remaining 
manths at che niece. Their mutual colleagues at the tzglicly- 
knit mathematical соттопісу az Princeton never suspeceed a 
thing, even адет weeks of seeinu the owe spend hours huddied 
Lager over eolfei ap cbe Fas end pr the Commons Roan 

But Andrew Wiles still worried (Лас someone might suspect 
what he wus working oni. He coud sake a choice. So he come 
up wnh а scheme to hide che face chat he was working very 
intensely on “something wich Nick Karz. Wiles would otter a 
new graduate course iri пк аі for the spring of 1993. 4 
core which Nics Katz would aztead as one ol che students, 
and this would allow the two uf them co work cugecher without 
uthezs suspecting wha? they were doing Or ul least shis w what 
Wiles bus sad. The gradu studens could ne; suspect that 
behind these lecorres was a road to Fermats Last Theorem, and 
Wiles wuuld be able tu pick thei: bruins lor any possibie hales 
ın Dus theeny, weth the help if his АШ ЧАД Karz. 
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The couse wus annod [1 was called] Carulina with 
Тре Curves,” which was (nocent enough so па one could 
suspect anything. And at the star ot the course. l'rofessur 
Wiles sud that the piaposc of the lectures was 1 study some 
recent wark at Matrhias Flach on the Class Number l'ormula. 
‘Chere was no mencion of Fermat, ло mention of Shimura or 
‘Laniyama, and no one could aspect that the Class Nurnber 
Formula they were going co study would be the keystone to 
proving l'ermats Last Theorem. And no one had any idea that 
the true purpose of the lectures was rot to терс grcaduae stu- 
dents mathemaries. but to allow Wiies and Katz га wark 
tagecher an this problem without suspicion by any of their 
алеум, while at the sume rinw мети unsuspecting radu 
ate students ca check the work паг chem. 

Bur within a few weeks all the graduate srudenls dritted 
away. They couldn't keep up with à course Ibat wasn't really 
guig айуу wig The only "adent who seemed m Каса 
anything and to participare in cess was the other math protes- 
sor who wos siking there with them Su sheru wmle. Nick 
Kage was the апу cine m che audience. But Wiles jas: went on 
using che "class" co wrice his long proof of the Class Number 
‘Vheurem on the board. continuing to the neat step every class 
mecumg, with Nick Kars veribving each «te? 

The leccures revealed na errors. It seemed that the Cass 
Number Formula was working, and Wiles was un his way to 
the solution of the Fennal problem. Aust so in the lale spring 
гт 1993, as che course was coming ta an end, Andrew Wiles 
was alniose änished. Still, he was wrestling: wich iust one final 
obstacle. He wis able lo prove that mast ob thy lipie curves 
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were muuular. but a few ot chem remained unprovahle. He 
thought he could меат these difüculttes, and be was ger- 
erally aptimistic. Wiles tele it was time to talk co anc mare per 
sun. lu Uy 10 gain а fictle more insight into this last ditticulty 
facing him. Sa he calli in awale one of his culleagues at the 
J'rinceton mathematics department, Protessor Peter Sarnak, 
and swore him to secrecy us well. "Lihirk | am abane to prove 
Termats [asc Theorem" he old the stunned Sirnak 

“This was incredible." Sarnak later recalled `1 was tabber- 
gosted, elated. chsturbed—l tear ..1 remember finding tc diffi- 
cule со sleep chat night." Sa now there were Iwo calleagues 
trying to help Wiles finish his pront. While nehady suspecred 
whal n was thar they were doing. peuple were nuleang some- 
thing. And while he maincained that no ane сусг lound any 
thing through him, Samak lazer admicted that he dropped 
"maybe u Tew bases...” 


‘tbe Last Piece ef the Puzzle 

In May, 1993, Anclrew Wies was siting alone at bis desk. He 
was geting somewhat huscrated Te enwid that Those few ер: 
tie curves that got away from him were nat coming any nearer. 
He wrüply couldn't geove that they were modular. And he 
needed them, ton, i£ he were to prore thar ci! fccnustable) ellip 
tic curves were modular sa thar Fermats Last Theorem would 
follow. Doing it fur most of the wimistuble elhptic curves was a 
great mathemazical resale an its awa right, hut aot ewough ta 
reach his род. lo rest a little tom his intense search leading 
ком бете. Wiles picked up an old paper vf the great master. 
Barn: Mazur of Flarvaxd. Liniversiry. Mazur had made some 
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groundbreaking discoveries in number theory—results that had 
inspired many of the experts in the field, including Ribet and 
Frey, whose work paved the way for Wiles effort. Mazurs paper 
that Wiles was now rereading was an extension of the theory of 
ideals, starting with Kummer and Dedekind, and continuing 
with yet a third nineteenth century mathematician—Ferdinand 
Gotthold Eisenstein (1823-1852). Although he died young, 
Eisenstein made great strides in number theory. Gauss, in fact, is 
quoted as having said: "There have been only three epoch-mak- 
ing mathematicians, Archimedes, Newton, and Eisenstein." 

Mazur's paper on the Eisenstein [deal had one line in it that 
now caught Wiles’ attention. Mazur was saying that it was pos- 
sible to switch from one set of elliptic curves to another. The 
switch had to do with prime numbers. What Mazur was saying 
was that if one was dealing with elliptic curves that were based 
on the prime number three, it was possible to transform them 
so that one could study them using the prime number five 
instead. This 3-to-5 switch was exactly what Wiles would need. 
He was stuck with not being able to prove that certain classes 
of elliptic curves based on the prime number three were modu- 
lar. And here Mazur was saying that he could switch them to 
curves based on the prime number five. But these curves based 
on five Wiles had already proved were modular. So the 3-to-5 
switch was the final trick. It took the difficult elliptic curves 
based on three, transformed them into base five and these were 
known to be modular. Once again, some other mathematicians 
brilliant idea helped Wiles overcome a seemingly insurmount- 
able hurdle. Andrew Wiles was finally done. 

His timing was perfect, too. In the next month, June, his 
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former adviser John Cinates would he hastiag a number theory 
confccenve in Cambridge All the big names in number henry 
маша be there. And Cambridge way Wies’ old home cown 
and where be went to graduate school. Ҹан: be perfect 
hy present hes proof uf Fermats Lase Theorem there? Wiles was 
naw racing against the clock Ife had о gut together. his 
entire proot thar che Shimura Taniyama cemwelure was (сие 
fur sexnistoble elliptic curves. This meant chat che Prey curve 
could nal схі And if ihe Frey curve could noc exisr, chat 
meenc that so:utions te Pennacs equation could nol exist fur 
&*2 acd thecelore Fermacs Last Theorem was proven. The 
writc-tp саах Anrltw Wiles 200 popes. Не was dune just in 
time to catch his plane car England And at che end of his lost 
icclure these, Ке eraerped victorious to the sweeping applause. 
che dashing camezas, ancl the reporters. 


ماھ مع یر Tix‏ 

Naw il was çime for the peer-review. Usually, a mathematical 
cesult—or any academic finding, tor thas mance i$ subititled 
Wa “refereed journal.” Such refereed jnurnals are che scandard 
vehicle far scholars co sub ther werk lor possible publica- 
cian. The journals charge is chen ta senc the proposed page: 
lw Laer experts in the appropriate area ot study who res-cw 
the papers canet and деце whether it is currect, and 
whecher the paper wakes а eoetrihurion worthy vl publica- 
tion. Retereed iournal publications arc che bread and buticr of 
vcudetia. Tenure and этотопоп, and utcen salary levels and 
raises, are all dependem o a rescorchers output. vl refereed 
juurnel artictes. 


FERMAT'S LAST THEOREM 


But Andrew Wiles chose a different approach. Instead of 
submitting his proof to a professional mathematics journal—as 
almost anyone else would have done—he presented it at a 
conference. The reason was probably twofold. Throughout 
the years of work on the proof, Wiles was obsessed with 
secrecy. If he submitted the proof to a journal, the proof would 
have been sent to a number of referees chosen by the journal 
and one of them, or the editors, might have said something to 
the world at large. Wiles probably was also worried that some- 
one who read the proposed proof might somehow steal it and 
send it out under his or her own name. This, unfortunately, 
does happen in. academia. The other reason, linked with the 
first, was that Wiles wanted to maintain the buildup of sus- 
pense as he presented his proof at Cambridge. 

But even so, having presented the results at a conference, the 
work would still have to be refereed. The steps would still have 
to be peer-reviewed, that is, other experts in number theory 
would have to go through Wiles' proof, line by line, to ascer- 
tain that he had indeed established what he set out to prove. 


Tbe Deep Gulf Materializes 

Wiles' 200-page paper was sent to a number of leading experts 
in number theory, Some of them quickly expressed concerns, 
but generally mathematicians thought the proof was probably 
correct. They would wait to hear the experts’ verdict, how- 
ever. "Oh yes!" said Ken Ribet when I asked him if he believed 
Wiles’ proof. "I was unable to see what some people were say- 
ing soon after they read the proof— namely that there was no 
Euler System here." 
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One al the гааст chosen to go over Wiles’ proof was brs 
Princen £riend. Nick Karz. Proressor Kacz spent cam wh otc 
months, July ancl August of 1993, duing nothing but studying 
the entire praat. Every day, he would sit at lus desk and slowly 
read every line, every mathematical svmbal, every logical 
intpliculivn, to make sure thas it ewde peclect sense ond ai il 
wad indeed he acacpcahle са arw matnemacician who might 
read the proof. (Ince or wice а day, Karz would send an c- 
ni] message to Andrew Wiles, who stayed аму from Prce- 
tan that semmer, asking him: “What da yau mean in chis linc 
un this pape?” oc "l don t see how chis implicasiun follows from 
the one above" e [n cesponse, Wiles would earail tack, and 
it the problem required mare derails, he would tax the answer 
to Katz. 

Cine day, when Kaye was аач. two thud of the way 
thraugh Wiles’ lang мчати, be came acrass 2 prolicm. Tt 
seemed innacent enough at firse, one at many Мех nad 
urnswered evrlier tu Kulz* conmplete заль осил But net this 
time [n respanse to Katz's questions, Wiles e-mailed back an 
answer. But Kacz had to e-mail back: `1 sti don't understand it. 
Алем ` So this tine Wiles sem a fax wyrnp uj make the lug- 
cal connection Again Karz was not satisfied. Sameching was 
simply not cight. Chis was supposed to be exactly ane of the 
srguments tha Wiles ord. Kate west over corefully in ihe 
spring when Wiles was teaching his “course.” Any diticultics 
should have already been ironed out. Buc apparently the hole 
in Wiles’ logic еке them both. Possible if the graduate stu 
dents bad stayed on, олс nt them might have alerted the two 
to the prublem. 
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By the time Katz found the error, other mathematicians 
throughout the world were aware of the exact same problem 
with Wiles' proof. There simply was no Euler System here, and 
there was nothing doing. And without the Euler System—sup- 
posedly a generalization of the earlier work of Flach and Koly- 
vagin—there was no Class Number Formula. Without the 
Class Number Formula it was impossible to "count" the Galois 
representations of the elliptic curves against the modular forms, 
and Shimura-Taniyama was not established. And without the 
Shimura-Taniyama conjecture proved as correct, there was no 
proof of Fermat's Last Theorem. In short, the hole in the Euler 
System made everything collapse like a house of cards. 


Tbe Agony 
Andrew Wiles returned to Princeton in the fall of 1993. He 
was embarrassed, he was upset, he was angry, frustrated, 
humiliated. He had promised the world a proof of Fermat's 
Last Theorem—but he couldn't deliver. In mathematics, as in 
almost any other field, there are no real "second prizes" or “also 
ran" awards. The crestfallen Wiles was back in his attic trying 
to fix the proof. "At this point, he was hiding a secret from the 
world," recalled Nick Katz, "and [ think he must have felt 
pretty uncomfortable about it." Other colleagues had tried to 
help Wiles, including his former student Richard Taylor who 
was teaching at Cambridge but joined Wiles at Princeton to 
help him try to fix the proof. 

"Ihe first seven years, working all alone, | enjoyed every 
minute of it,” Wiles recalled, "no matter how hard or seem- 
ingly impossible a hurdle | faced. But now, doing mathematics 
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in this uver-expased way was certainly not my style. f have no 
wish Io ever repeal this experience ^ Anu the bad experience 
lasted and lasted. Richa’? Tayinr, his «Араса leave over, 
returned 10 Cambridge and still Wiles saw no end in sigitc. 1 lis 
colleagues looked at 9mm with v iniacure of anticipation, hope, 
and picy, апо his suHering was clear co everyone around hir. 
People wanted cu know They wanted zo hear apod news, hut 
none of ny colleagues duced ask bim huw he was doing with 
the proof. Cutside his depariment, the rest ut ibe world was 
curious. too. Sometime in the night at Decemher 4, 1993, 
Andrew Wiles posted ип e-0: message to che cumpurer news 
group Sci.mach, to which several number theansts und other 
snathemalrexns belonged: 


[n view of che speculatium оп the status ol sry work ил che 
"Taniyama-Szimura conecta end Ferrat bins Chester | ell 
give n bier account of the situat.on. During the review process a 
nuriil xr of probris einerged, mra ot which have heen resolved. 
bu: one :n particu.az 1 have net yer 64... 1 helieee tat | well 
he «hr zo Finish this in the пейт feture vng the ideas expiaincd 
in uie Caribe lectures. Vlie lacs chat a lot ob work mains то 
be соле ол the manuscnpr makes it unsihable fei release as з 
тгертіп: In my corse ‘n lrineeton heyinniny in Feoruary | will 
give a full асцит ol this work. 


And-ew Wiles 
The Post. Morten 


But Andrew Wiles was premacurely oprimistic. And wharever 
coune he may have planned to offer at l'nnceton would wae 
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yield any soluuoa. When more chan & veze passed since bis 
sere dived ranah en Сл р, Andru Wiles was about л 
give up all hope and cn torget his crippled prat. 

On Munday morang, September 19, 1994, Wiles was sil- 
ting ас his desk ac Princeton University, pies of paper sciewn 
all around him. Hc decided he would take nne lase Innk at his 
pool before chuckmg at all ond abandonmg all ope to prove 
Termacs Last Theorem. | le wanted te see caactiy what it was 
thac was prevencing him trom constructing the Euler System. 
He wanted to know cust for bis own sousfoction—why һе 
had айса. Why was ibere no Pale: System 2— he wanted га 
be adle to pinpoint precise:y which technical асс was making 
the whale hug ad Af he was going fo give up, һе felt, Ihen ot 
least he was wed an answer to why he had beer wrong 

Wiles studied Lhe papers іп Irunt of him, concentrating very 
hard и aliut twenty minules And then he saw exactly why lic 
was anahle са make the system work. linally, lc uncerstond 
what was wrong. “It was the most importan. moment in my 
entire warking life,” he laver described the fechng ‘Suddenly. 
totally unexpectedly, | had this incredible revelacian INatbirg 
Гр ever de again wall.. ° vt vas coument teurs welled up and 
Wriles was choking with emocion. Whar Wiles realized at ihat 
latetul moment was “so indescrihabiy heautiiul, it was so simple 
and so elegan, and Ê jest steve an clisbelief.” Wiles reahzed that 
exactly what was making che Fuler System tail is whaz wauld 
uke the Horizontal lwasawe bheo appriach he kad aban- 
dared chive years cartier work Niles steed vt his paper for a 
long cime. He muse be dreaming. he chaaght, this was just tan 
good ta be iue. But later he said it was simply too goud to be 
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taise. The discovery was so pawertul, so beautihul, that it td on 
be true 

Wiles walked around the department tor several hous. F le 
didnt know whecher he was awake or dreaming. Every ance іп 
о while, he would retum to his desk «o see it his Гогцоо fnd- 
ing was seill there—and it was. Tle went hame [I fe had ta 
sleen on it— maybe in the morning he would find same Haw in 
this new argument. A year of peessuce Crore the erme world, a 
year ot ane trascrated actempe atter anocher had shaken Wiles 
confidence. He came back to his desk in che morning, and the 
irccecible улг. he had found the day beiee was still there, 
waiting far Ium. 

Wiles wrote up his proof using the corrected Horizontal 
Iwasawa Theory approach Finally, everviling fell perfecily 
ince place. The approach he had used three years earlier was 
che correct one. And that knowledge came to him (сот the 
failing of the Flach and Kolevagin тиис be had chosen in mid 
siream. The manuscript was ready to be shipped out. Elated, 
Andrew Wiles lugged into his cumpaser account, He sem ¢- 
mail messages аст the [nvernet tà 1 score of mathematicians 
around che word. "Expect a Federal Express package in the 
next few cays,‘ she riessapes read 

As he had promised his frend Richard Taylar, wha had 
come from England especially to help him correcc his proof, 
the оем paper convctirg the Iwosaowa theary bore both cf 
thew names even chough Wies abtaines che acwal result atter 
‘Javlocs departure. Within the nexc tew weeks, the mathemati- 
vans why received Wares cracection co his Cambridge papers 
went over all the details. They coud tind nathing wrong. 
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Wiles now used the conventional approach to the presentation 
of mathematical results. Instead of doing what he had done in 
Cambridge a year and a half earlier, he sent the papers to a 
professional journal, the Annals of Mathematics, where they 
could be peer-reviewed by other mathematicians. The review 
process took a few months, but no flaws were found this time. 
The May, 1995, issue of the journal contained Wiles’ original 
Cambridge paper and the correction by Taylor and Wiles. Fer- 
mat's Last Theorem was finally laid to rest. 


Did Fermat Possess the Proof? 

Andrew Wiles described his proof as “a twentieth century 
proof." [ndeed, Wiles used the work of many twentieth-cen- 
tury mathematicians. He also used the work of earlier mathe- 
maticians. All the myriad elements of Wiles’ constructions 
came from the work of others, many others. So the proof of 
Fermat's Last Theorem was really the achievement of a large 
number of mathematicians living in the twentieth century— 
and all the preceding ones to the time of Fermat himself. 
According to Wiles, Fermat could not possibly have had this 
proof in mind when his wrote his famous note in the margin. 
This much is true, of course, because the Shimura-Taniyama 
conjecture did not exist until the twentieth century. But could 
Fermat have had another proof in mind? 

The answer is probably not. But this is not a certainty. We 
will never know. On the other hand, Fermat lived another 28 
years after he wrote his theorem in the margin. And he never 
said anything more about it. Possibly he knew he couldnt 
prove the theorem. Or he may have erroneously thought that 
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his method of infinite descent used in proving the simple case 
1-3 could apply to a general solution. Or maybe he simply 
forgot about the theorem and went on to do other things. 
Proving the theorem the way it was finally done in the 1990s 
required a lot more mathematics than Fermat himself could 
have known. The profound nature of the theorem is that not 
only does its history span the length of human civilization, but 
the final solution of the problem came about by harnessing— 
and in a sense unifying—the entire breadth of mathematics. It 
was this unification of seemingly disparate areas of mathemat- 
ics that finally nailed the theorem. And despite the fact that 
Andrew Wiles was the person who did the important final work 
on the theorem by proving a form of the Shimura-Taniyama 
conjecture needed to prove Fermats theorem, the entire enter- 
prise was the work of many people. And it is all their contribu- 
tions, taken together, which brought about the final solution. 
Without the work of Ernst Kummer there would have been no 
theory of ideals, and without ideals the work of Barry Mazur 
would not have existed. Without Mazur there would have been 
no conjecture by Frey, and without the crucial conjecture and 
its synthesis by Serre there would not have been the proof by 
Ribet that the Shimura-Taniyama conjecture would establish 
Fermat's Last Theorem. And it seems that no proof of Fermat's 
Last Theorem would be possible without that conjecture put 
forward by Yutaka Taniyama at Tokyo-Nikko in 1955 and then 
refined and made specific by Goro Shimura. Or would it? 
Fermat, of course, could not have formulated such an over- 
arching conjecture that would unify two very different 
branches of mathematics. Or could he have done so? Nothing 
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